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Abstract

This study examines how Metropolis algorithm can be applied to estimate the parameters of a geo-
metric Brownian motion. The Metropolis algorithm is a Markov Chain Monte Caro method, which
can be used for solving computational inverse problems. The geometric Brownian motion is a sto-

chastic process which is used for modelling asset prices. It is used in well-recognized models, such

as the Black-Scholes option pricing model. The geometric Brownian motion includes two parame-

ters, drift and volatility, from which the first one will be estimated.

The data is generated by simulation and the objective is to measure the performance of the algo-
rithm. The geometric Brownian motion is simulated by using a normally distributed drift and a
constant volatility. The Metropolis algorithm is set up such, that it uses the log-normally distrib-
uted returns of the geometric Brownian motion. This is accomplished by a change of variable dur-
ing the Metropolis algorithm. The distribution of the drift is estimated by assuming a known vola-
tility. The estimated distribution for the drift parameter is then compared to the one from which it
was generated from. The comparison is made by comparing the means and variances of the distri-
butions which are also communicated through visuals.

The results show that the algorithm performs well for estimating the mean of the distribution of
the drift, but the estimated variance differed from the real variance. The thesis shows results of the
estimation for one price path, which decreases the creditability of the results. However, the
method was tested for multiple different paths and gave reasonably consistent results.

Keywords Markov chain, Monte Carlo, MCMC, geometric Brownian motion, drift, Bayes, param-
eter estimation
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Tiivistelma

Tyossa tutkitaan, miten Metropolis algoritmia pystytdan hyodyntimaan geometrisen Brownin liik-
keen parametrin estimoimiseen. Metropolis algoritmi on Markovin ketju Monte Carlo simulointi
menetelma, jota pystyddn kayttamaan laskennallisten inversio-ongelmien ratkaisemiseen. Geomet-
rinen Brownin liike on stokastinen prosessi, jota kidytetdan rahoituksessa osakkeiden hintojen mal-
linnukseen. Geometrinen Brownin liike koostuu kahdesta parametrista, virtaus ja volatiliteetti,
joista ensimmainen pyritdan estimoimaan.

Tyossa kaytetty data generoidaan simuloimalla. Tyon tarkoituksena on mitata, miten Metropolis
algoritmi suoriutuu virtaus parametrin estimoinnissa. Virtaus parametrin estimointi tehdaan ase-
telmassa, jossa volatiliteetti on tunnettu. Geometrinen Brownin liike simuloidaan, siten etta, virtaus
noudattaa normaalijakaumaa ja volatiliteetti pysyy vakiona. Metropolis algoritmi hy6dyntaa para-
metrin estimoimisessa geometrisen Brownin liikkeen lisdyksia, jotka ovat log-normaalisti jakautu-
neita. Tulokset validoidaan vertailemalla estimoidun ja todellisen jakauman keskiarvoja ja varians-
seja.

Algoritmi suoriutui hyvin jakauman keskiarvon estimoimisessa, mutta sen varianssin estimaatti oli
kaksinkertainen todelliseen verrattuna. Parametrin estimointi esitetaan tyossa vain yhdelle geomet-
risen Brownin liikkeen polulle, joka heikentda tulosten luottavuutta. Estimointia kuitenkin kokeil-
tiin tyon aikana usealle eri polulle, ja tulokset olivat melko tasaisia.

Avainsanat Markov ketju, Monte Carlo, MCMC, geometrinen Brownin liike, Bayes, parametrin
estimointi
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1 Introduction

In 1946 a mathematician named Stanislaw Ulam tried to figure out the prob-
ability of winning a game of solitaire. This appeared to be a challenging
problem to be solved analytically, and hence he came up with an alternative
method to solve the problem: play solitaire numerous times and calculate
the percentage of games which turned out successful. He figured that this
approach could be used for solving other complex problems by transforming
uncertain events into random operations and simulating them on a computer,
which was then later named as Monte Carlo simulation.|14]

During the last decades technology has developed rapidly and the increased
computing capacity has become a significant asset in modern problem solving
[17]. This has allowed the creation of new modelling techniques and further
development of the ones created earlier. By exploiting Markov Chains, the
main idea behind Monte Carlo simulation has been applied in order to sample
from different kinds of probability distributions. These kinds of algorithms
are denoted as Markov Chain Monte Carlo (MCMC) methods, which consists
of multiple of different algorithms with some common principles [3]. The
most recognized algorithm from the MCMC class is the Metropolis-Hastings
algorithm, which has been referred to as one of the most influential algorithms
during the recent centuries |[5].

In this thesis, the Metropolis-Hastings method will be used to estimate the
parameters of a Geometric Brownian Motion (GBM). GBM, which will be
introduced more thoroughly later, is a stochastic process which is used in
finance to model asset prices [7]. Although it can be considered as a simplified
way of modelling an asset price, it is applied in well-recognized models, such
as the Black-Scholes option pricing model [4].

The geometric Brownian motion used in this study is simulated, making
the thesis a simulation study. Simulation studies are crucial for valuating
the performance of new algorithms and statistical methods. They are also
useful for finding wrong assumptions in methods, and testing the methods
sensitivity to perturbed data. [13]

This thesis begins by covering the theory behind the methods used. The
methods will be introduced in a separate section as well as the implementa-
tion of them. Finally, the results of the thesis will be covered and concluded.































































