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ABSTRACT

In this paper we extend the choice of optimal portfolio and consumption to include also the selection of an
optimal home currency for single agents in a segmented real international economy. We also derive an equilibrium
that emerges if representative agents behave according to the optimization model. In this situation the market prices
of risk do not reflect the risk attitudes of the investors in the particular currency, but are smply determined by the
interplay of all investorsin the international economy. Thisyields the curved international equilibrium.
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1. INTRODUCTION

International asset markets are said to be integrated, if assets of equal risk yield equal expected returnsin every
currency. If the markets are segmented then, e.g., the cost of capital for an investment will depend on the currency
in which it isto be raised. Also, if the markets are segmented, an individual investor has an optimal home currency,
i.e., the currency in which the agent consumes.

In this paper we extend the framework on optimal portfolio and consumption choice to include also the selection
of an optimal home currency for single traders in a real international economy. Under stochastic real foreign
exchange rates, we show that market prices of risks differ between currencies and derive the explicit relationship
linking the market price of risk vectors in different currencies. Using this dependence, we solve the optimal
consumption problem for a single agent who is able to fregly choose his home currency, i.e., we allow investors to
take advantage of the diverging valuation of risks and real interest rates between currencies. Also, assuming the
prescribed optimizing behavior on the part of investors, we show that the stochastic fluctuations of the exchange
rates between the respective countries are entirely due to the differencesin real interest rates between currencies.

Many other papers have studied the portfolio selection problem. The basic optimal portfolio selection by using the
mean-variance analysis can be found, for instance, in Markowitz (1959) and Merton (1972). The optimal
consumption and portfolio choice problem and its solution using the Hamilton-Jacobi-Bellman equation in finite
and infinite horizon settings are found in Merton (1969, 1971). This method usually yields a nonlinear partial
differential equation that is hard to solve and for which numerical methods must be applied. Especially, when there
are constraints on portfolio and consumption this method becomes even more difficult. The martingale method to
solve the optimal consumption and portfolio choice is developed in Cox and Huang (1989) and Karatzas, Lehoczky,
and Shreve (1987). This approach leads to a linear partial differential equation, unlike the nonlinear partial
differential equation appearing in dynamic programming. In this paper we use the martingale method, that utilizes
the market’s state-price deflators and gives explicit solution only to the optimal consumption problem. We are not
interested in the form of the optimal trading strategy, because we only derive the optimal consumption process and
prove that there exists a trading strategy that finances the consumption and a state-price deflator such that the
deflated trading strategy is a martingale. However, an optimal trading strategy can be derived by using Malliavin
calculus [see Ocone and Karatzas (1991)]. The basic framework for deriving market equilibrium in continuous-time
setting can be found e.g. in Duffie (1992). Duffie and Zame (1989) have proved the existence of an Arrow-Debreu
equilibrium in the case of smooth-additive utility function that is also used in this paper. Huang (1987) has derived
an equilibrium model with a smooth-additive utility function. The consumption-based capital asset pricing mode is
derived in Breeden (1979). We utilize the Breeden’ s framework, because the models of this paper arein real terms.
Market equilibrium in an international setting is studied e.g. in Uppal (1993). This model shows that if purchasing
power parity does not hold, risk averse agents prefer foreign assets. Our model is similar to the framework of Uppal.
However, we add to the analysis the selection of optimal home currency. The necessary conditions for an arbitrage-
free international economy have been studied in Amin and Jarrow (1991).

The rest of the paper is organized as follows: Section 2 defines the framework used in the paper, Section 3 derives
the relationship between different currencies market prices of risk, Section 4 calculates the optimal consumption
and home currency of a single agent as a function of her utility function, Section 5 derives an equilibrium in which
representative agents are assumed to behave according to the optimization model, and Section 6 concludes.

2. MODEL

We explore an economy where instruments are traded continuousdly within a time horizon [0O,t]. The economy
consists of | + 1 currencies each indexed by i T {0, %, 1} where currency number O is the current domestic
currency. In each currency a set of assetsis marketed. These sets are denoted by H, , wherei T {0, %, 1}, and the

set of all assets in the international economy, respectively, H = _i{oE .}Hi . In each currency there is also a set of

agents M, , and the set of all agents is denoted by M. An agent m T M is defined by a nonzero consumption
endowment process e,, and a strictly increasing utility function U . We assume that agent m can consume only in

one currency at atime. In each currency i there exists a consumption commodity whose price at time t T [0,t] is
denoted by d, (t) . It is assumed that d, (t) ispositivefor all i T {0, %, 1} andtT [Ot].



In describing the probabilistic structure of the economy, we refer to an underlying probability space (W, F, P).
Here Wisaset, F isa s-algebra of subsets of W, and P is a probability measure on F. We denote by D the space of

€. u R

processes with E@@((t)zdtg<¥ , Where x is a stochastic variable and T | [O,t ] and by L the adapted processes in
& 8]

D.

The mode! isformulated in real terms, i.e,, thereal price of atradable asset h; in termsof currency i is

P Ot i1 {0}, 31 {0, hT Hj, tl[ot]

d. (t)

(1) pi,h] (t) =

where Pin, (t) istherea price of h; interms of currency i and f)i‘h] (t) isthe nominal price of h; in terms of
currency i.

After the normalization of (1) the consumption price is a state-price deflator [for the definition of state-price
deflator or the equivalent martingale measure given by the state-price deflator see e.g. Duffie (1992), Harrison and
Kreps (1979), and Harrison and Pliska (1981)]. Using the nominal state-price deflator p, (t) we get

0= Et% &b 98, (s)I%

forall if {0,...,1}, jT{0..,1}, hTH, ti[oT] T [ot]
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where E, isthe conditional expectation operator with respect to P. Equations (1) and (2) yield
TT o
) o=E} gl o, (s)l‘g ,
t

where pfy, (s) =p; ()P, (9) -
This means that after the normalization to real prices d; is a state price deflator in the sense of (3). Hereafter we
assumethat p, (t) =1 forall i1 {0, %, 1} andt1 [Ot],i.e, pfy (t) = Py (1)
The following assumptions characterize more our economy.
ASSUMPTION Al: The stochastic variables of the economy follow an It6 stochastic differential equation
(4 dx(t) = m(x,t)dt + e(xtydz(t) forall ti [0t]
wherem R “ [0,t]® Rande: R™ [0,t] ® R" are given functions that satisfy Lipschitz and linear growth

conditions on x and z(t) is an n-dimensional Brownian motion on the probability space (W, F, P), along with the
gtandard filtration { F,: tT [0, t]}.

Assumption A1 guarantees the existence and uniqueness of the solution to (4).
We write thereal process of atradable asset in terms of currency i as follows
- dp , ()= P, O @) +a,, O+ p,, O, ©dz(t)
forall if{0,...1}, jT{0,..1}, h1 H, ti[ot]

where r, isthereal instantaneous (risk-free) interest ratein currency i, r, ta,, is the expected return, and e is
the volatility of h; intermsof currency i. The volatility coefficients describe the sensitivity of a particular stochastic
variable to each Brownian motion.

ASSUMPTION A2: In each currency the markets are complete and there is no arbitrage.

A2 implies that for some h,...,h"T H the following n ~ n dimensional matrix [see e.g. Heath, Jarrow, and
Morton (1992)]



ée, . (Hu
é. -
(6) E®=a : ¢ foral il {0,..1}
gelh"(t)'\
isnonsingular P” | -as. (I isthe Lebesgue measure) on the interval [0,t].

Now thereexistsP“ | - amost unique solution vector n, (t) to

(7) a;(t) =E O ),

where a, (t) =

will refer to n, (t) asthe market price of risk vector in thei'th currency at timet.

Given the market price of risk vector it follows that the real state-price deflator is

T

d;(T) :eXP% gg (t)+ n; (O, (t)Hdt- (t)dZ(t)g

foral if{0,...,1}, TT1[ot]

(8)

wheren” denotes the transpose of n.
ASSUMPTION A3: The utility functions of investors are smooth-additive.
A3 meansthat utility function U: R, ® R isdefined by

) U(c)=EgTdJ(c,t)dt3 forall TT [0t]
& g

where ¢ is a non-negative consumption in L, u: R, ~ (0,T) ® R issmooth on R, ~ (0,T), and for each t T [0,T],

u(xt): R+ ® R isincreasing, strictly concave, with an unbounded partial derivative w on R, satisfying Inada
c
conditions: infM =0 and sup— —~ Tu(c,t) =¥ foradllt.
dL c dL c

ASSUMPTION A4: There exist frictions in trading consumption commodities between different currencies and
future frictions are uncertain.

The uncertainty about the future frictions can be due to an uncertainty about the availability of transporting
capacity, the development of technology, and/or the wastage of consumption commodities during the transportation.
A4 means that the relationship d(t) = é, (t)d, (t) , where é, (t) isthe nominal price of thei’'th currency in terms of

the domestic currency, does not always hold. This gives a situation in which there can be stochastic real foreign
exchange rates, since Po, (t) does not always equal Pin, (t) . The real exchange rate can be understood as a

measure of the difference between d,(t) and S (t)d, (t), since from equation (1) we get F;'lh(()) S(t) = Po “(t())
0
which gives S (t) = %((jt')(t) That is, we assume that purchasing power parity does not hold because of the
0

frictions. This does not lead to arbitrage opportunities, because of the frictions and the fact that agents can consume
only in one currency at atime.

We write thereal foreign exchange rates as follows
(10) dS (t) =S ()mg (Dt + S (Ve (Ddz(t) foral i1 {L...,1}, ti[ot]



where S (t) isthereal price of thei’th currency in terms of the domestic currency. e and mg (t) can be viewed
as results of the frictions given in A4. A reasonable candidate for mg (t) is 1- S(t) . In this case the foreign

exchange process follows same kind of mean reverting process as in the Cox-Ingersoll-Ross (1985) modd of the
term structure and we get from (10) [see e.g. Duffie (1992)]

(12) E[s (M]=1+[s®- Jexp[- S O(T-1)]
Thus E[S, (T)] ® 1 exponentiallyas T ® ¥ . Thisisconsistent with Dumas (1992).

ASSUMPTION A5: A risk-free real asset is marketed in each currency.

3. MARKET PRICE OF RIsK
In this section we derive the relationship between domestic and foreign market price of risk vectors.

Now we can state the following theorem.
THEOREM 1: The foreign and domestic market price of risk vectors are related to each other by the equation
(12) no(t) =n,(t)+es (1) foral il {L...,1}, ti[0t]

PROOF: From (8) we get the process of real state-price deflator

(13) dd, (t) = - d, (t)r; (t)dt - d (D)n, (1) dz(t)
Since d, (t) Pin, (t) ismartingale and S (t) Pin, ) = Poy, (t) we get that % is a state-price deflator in currency
0, since d; (t) Pin, ®) :% Po, (t). Using It&'slemma and d,(t) :% we get
” ddy (t) = - dy (Ofr; () + my (1) - e Ol (1) + e O]t -
do(0les @) +n, (k20
With (13) this gives (12). We also get ry(t) - 1; (t) = my (t) - e5 (DN, (t). Q.E.D.

Theorem 1 indicates that the real domestic and foreign market price of risk vectors are never equal in the
presence of stochastic real foreign exchange rates. In this situation, international real asset markets are segmented.
Hypothesizing that the market price of risk in any individual currency is entirely determined by the interplay of all
investors in the international economy, the market price of risk in any other currency are simultaneously determined
by the volatility process of the foreign exchange rates.

Theorem 1 also states that the real international asset markets are incomplete although every national market is
complete according to A2. This is because there exist | + 1 different equivalent martingale measures in the
international markets and in each currency the martingale measure is unique. Further, nominal foreign exchange
rates are nonstochastic in our economy, because Theorem 1 also holds with nominal market price of risk vectors
and foreign exchange rates and because we have earlier assumed that p,(t) =1 foral i T {0, %, 1} andt1 [0t],

i.e,, nominal market price of risk vectors are zero vectors.

We illustrate Theorem 1 with an example. Let us assume that there exist two currencies and one tradable asst, h,
in our international economy. The process of the asset in terms of currency 1 is the following

(15) dpy () = Py (O (Ot + py, (0)d2(); py(0) =1
where zis a standard Brownian motion and the process of real foreign exchange rate is given as follows
(16) ds,(t) = S, (dz(t); S(0)=1

Using equation (7) and Theorem 1 we get the following solutions for the market prices of risk



(17)

4. CURRENCY SELECTION

In this section we consider the optimal consumption and home currency selection problem of a single agent in the
international economy. The optimal home currency selection is equivalent to the finding of the most appropriate
state-price deflator in the international economy. First we make the following assumption.

ASSUMPTION A6: Thereis free investor mobility.

The assumption A6 impliesthat all investors are allowed to freely choose their location of residence in any of the
available currencies. However, we assume that investors change their home currency only once during the
optimization interval.

Given the consumption endowment process e, in L there exists a dynamic portfolio f, =gp,', where
P, =[phl‘i phk‘ij, i1{0,..., 1}, YT H foralyl{1,...,k}, and gzhl qk] is a trading strategy
processin L, financing a consumption processc in L if

(18) d; (OF () = oi 9.9 - c(s)fis+ tcg(s)d[di (9p,(9)] foral 7 [0,T]

and d, (T)f,(T) =0, i.e, theterminal consumption is zero, where T1 [0t ].
Now we can state the following lemma.
LEMMA 1: Given the endowment process e, inL and any cinL, there existssaprocess g =|g* ... g k] inL
financing c if and only if
I B
(19) 21 e - e, (t)]dt% =0
0

where TT [0t ].

PROOF: Since d, (s) isareal state-price deflator in currency i, E%Tﬁg(s)d[di (s)p, (s)']g =0. Equation (18) gives
(19). 0
Conversdly, if (19) holds, then by martingale representation property of the Brownian filtration [see e.g. Gksendal
(1995)] E%T(fyli (s)[c(s) - em(s)]ds | th = éﬁd,[c. ., (9)dz(s) for all ti [O,T], because d, (t), c(t), and e,(t) follow
0 0
It processes. Because the markets are complete in each currency and d, (s) is a real state-price deflator, there

exists g =gt ... q*] such that g(t)d[d, (00p, )] = ey fe.e | ®)d2() for &l t1 [0,T]. Using (18) we see that g
finances c.

Q.E.D.
Given Lemma 1 singleagent m1 M faces the following problem

(20) sup U, (c)

(ci)i L
subject to

I B_
(21) a1 e - e, (t)]dt% =0
0



where L ={(c,i):cl L,iT {0,...,1}}.

THEOREM 2: The optimal consumption and home currency choice for agent m1 M on a time period [O,T],
where T1 [0t ], isgiven by

(22) C() =1,f9,d, .t foral ti [0T]
and
(23) E}T@,Jm(|m[gi.di. (t),t],t)dt_]% E}Tc‘ym(lm[gidi(t),t],t)dtg forall if{o,...,1}
to e b to b
where | (xt) inverts ﬂur%((;st) , meaning that Imgﬂumﬂ—(cx't),tg: x for all xandt, g, >0 isa Lagrange multiplier

_ I o 2 0 e a . .
in currency il {0,...,1} satisfying Eéc‘yli(t){lm[gidi(t),t]- e,Odtz=0, i, 7 {0...,1} is the optimal home
0 %]

currency, and ¢, T L isthe optimal consumption process.

PROOF: From (9), (20), and (21) we get the following optimal consumption choice problem for agent mi M for
al il {o,...,1}

(24) sup Eéédum(ci,m,t) - 9,4, (t)[ci,m(t) - €, (t)]}olt.:(Ej
0 %]

where ¢, ,, denotes the consumption of agent min currency i.
Thefirst order condition for optimality of Ci*,m >0 is

Ty (€ 1)

(25) <.,

-g,d,(ty=0 foral ti[0,T]

where ci*'m denotes the optimal consumption of agent min currency i.

Solving (25) gives

(26) ¢ () =1.]0d t)t] foral ti[oT].

Under Assumption A3, the Dominated Converge Theorem [see eqg. Rudin (1987)] implies that

J(gi)=E%;‘jm[gidi(t),t]dt§ is continuos, and J(g,) is decreasing because 1, [g,d, (t),t] is for all tT [0,T] and
0

i1{0,...,1}. Because J:R,® R, is a bijective mapping, there exists a unique g,1 R, such that

2 0
J(gi)zEéc‘pm(t)dti. Now we have a set of suboptimal consumption processes for the agent m,
0

2
F :{c* o1 Lmi M,iT {o,.., I}} Given A6 the optimal consumption strategies and home currencies are the

ones that satisfy the equation (23) implying the optimality of (cm |m)

i,m

QE.D.

Among other things the proof of Theorem 2 shows that the optimal consumption and home currency choice do
not have to be unique. In each currency, an agent has a unique optimal consumption strategy, because his utility
function is given by (9) and the national markets are complete. However, international markets are incomplete and
in different currencies different consumption strategies can give equal utility for the agent.



5. INTERNATIONAL EQUILIBRIUM

In this section we derive an equilibrium that emerges if the representative agents of all currencies optimize
continuoudly their consumption and home currency according to the optimization model presented in the previous
section. That is, we analyze the equilibrium relationships between the foreign exchange rate volatility processes,
market price of risk vectors, and real interest rates.

Theinternational equilibrium is a collection
(27) {dii(cmin)il {0, t}mi M, i T {01},
such that, given the state-price deflators d, for al i {0,...,1}, for each agent m, c,, and i,, solves (20), and

markets clear é [em(t) - cm(t)] =0 for all t1 [O,t ] The market clearing condition ensures that the commodity
m=M

market clears. Using equation (18) we see that also asset market clears.
From equation (7) we have the following relationship for a portfolio process

(28) a, ©=e, (On, @) foral i1{0...,1}, ti [ot]
where df , (t) =f, @©)[r; (1) +a, ©)Jdt+f, (De, (D)dz(t).

We define the supremum of the expected returns with given standard deviation as follows
(29) bi(s,t)=suplr, () +e, (On, ()] foral iT{o...1}, ti[ot]

where the supremum is taken over all portfolio processes such that s = ,/efl e (O

Wecal b, (xt) theefficient linein currency i at timet. b, (%t) islinear because of A5 [see e.g. Copeland and
Weston (1992)]. Now we can prove the following lemma that defines the international efficient contour.

LEMMA 2: The function b (xt) = _ir{rgaxl}bi(xt) isa convex function on [0,¥) for all tT [0t ].

PROOF: Because b, (xt) islinear, it isaconvex function. This gives b(xt) is a convex function on [O,¥) for all
ti [ot]. QE.D.

Given equation (9) the indifference utility curves for all representative agents are convex on {ri +a; ,S } [see eq.
Copeland and Weston (1992)]. This leads to the following theorem.

THEOREM 3: Thereexists s, T [0,¥) such that
(30) b(s,,t)=b,(s,,t) foral il {o,...1}, t1[ot].

PROOF: If (30) does not hold for some currency il {O I} then the currency i can not be optimal to any agent
in our international economy. Q.E.D.

Theorem 3 states that for all currencies the national efficient line must equal the international efficient contour at
least at one point. Because the international efficient contour is convex, our international equilibrium is curved.

Figure 1 illustrates Theorem 3. The thick contour is the international efficient contour. The optimal point for a
representative agent is the point where b touches the indifference curve. Theline b, under b contradicts Theorem

3 and this cannot exist.
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Figure 1: Curved international equilibrium (Nu isthe utility gradient of the agent, the thick contour isthe
international efficient set, b; isthe efficient linein currency i,and i =1, 2, 3)

An interesting paradox emerges from the results above. From Figure 1 it can be seen that in equilibrium, the
currency with the highest riskless real rate will be populated by the most risk averse investors, because the
indifference curve is highly convex. According to Theorem 3, however, the currency with the highest real rate will
have the lowest excess return for any given value of the volatility parameter. Otherwise purely dominated currencies
would exist. The paradox is due to the fact that the market prices of risk do not reflect the risk attitudes of the
investors in any particular home currency, but are ssmply determined by Theorem 1. That is, stochastic real foreign
exchange rates force the market price of risk vectors to differ from each other and, in equilibrium, the real interest
rates must be such that each state-price deflator is optimal at least to one agent. This paradox can be proved as
follows.

COROLLARY 1: The following relationship holds
(31) M) <r@) iff e (On,@)>e, Mn, ) foral il {1....1}, t7[ot]

where \/efo(t)efo(t)' =\/efl (Dey, ()1 (O,¥),f0 is an efficient portfolio in currency O, and f, is an efficient
portfolio in currency i.

PROOF: Since b, (xt) islinear for all i T {0,%,1} and Theorem 3 holds we get
(32 () <r(t) iff by(s.,t)-ry(t)>b,(s.t)-r(t)

wheres 1 (O,¥). Because the portfolios are efficient, we have by(s,t)- ro(t) =€ (t)n,(t) and

bi(s,t)- r,(t) =e; (n;(t), where \/efo(t)efo(t)' = \/efl (e (t)' =s , by the definition of the market price of
risk. Q.E.D.

This corollary means that the difference between market price of risk between different currencies can be seen as
a consequence of the difference between domestic and foreign instantaneous real (risk-free) interest rates. Given
Theorem 1 this also gives stochastic real foreign exchange rates. Corollary 1 also sets restrictions to the diffusion
processes of foreign exchange rates, since using Theorem 1 we get from equation (31)

(33) LM <n@) iff e, Mes®)>0 foral il {L...1}, ti[ot]

where JJe, (e, (t)'T (0.¥).

Equation (33) implies that if the domestic real risk-free interest rate is lower than the corresponding foreign rate
then an efficient portfolio must have positive correlation with the foreign exchange rate.

10



Let us continue our example [equations (15) — (17)] and set r,(t) =0. By assuming that the volatility of an
efficient portfolio is strictly positive in currency O, we get 0 <r,(t) from Corollary 1.

6. SUMMARY

In this paper we have shown that given stochastic real foreign exchange rates, international markets are
segmented. The stochastic real foreign exchange rates force the market price of risk vectors in different currencies
to differ from each other. By using the relationship between the market prices of risk, we have derived the single
investor’s optimal consumption and home currency and a curved equilibrium in which representative agents behave
according to the optimization model. In equilibrium, the real interest rates must be such that each currency is
optimal at least to one agent.

If thereis free investors maobility and the investors maximize only the utility from their consumption, the currency
with the highest riskless real rate will be populated by the most risk averse investors. Also in this situation the
market prices of risk do not reflect the risk attitudes of the investors in the particular home currency, but are smply
determined by the interplay of al investorsin the international economy.
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