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ABSTRACT

This thesis considers mathematical finance in an incomplete market with transaction costs. It consists of two practical
and two theoretical essays. The practical papers can be seen as an application of optimal portfolio selection and the
theoretical papers study the market equilibrium conditions in the presence of incompleteness. The results indicate that
the optimal hedging strategy differs significantly from the corresponding strategy in a frictionless market even at one-
or two-day trading intervals and that under stochastic real foreign exchange rates international equilibrium is curved. In
addition, it is shown that the market conditions hold in an incomplete market under frictions if the conditions hold in
the projected markets that exist inside the initial market.
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1. INTRODUCTION

The problems of finance vary from corporate policy to the valuation of complex derivative instruments. For instance,
in order to carry business a modern company needs to invest in a variety of real assets. The most profitable investment
opportunities are found by pricing these real assets, employing the theory of asset pricing. To obtain the necessary funds
for the investments firms sell financial assets. These financial securities have a value because they are claims on the
firm’s real assets, and therefore the firms have to understand how the prices are created in the financial markets.

The three seminal and internally consistent theories upon which mathematical finance is founded are pricing by
arbitrage, portfolio and consumption optimization, and equilibrium analysis. Their common theme is how individuals
and markets allocate their scarce resources through a price system based on the valuation of risky assets. All these three
approaches imply the existence of a linear pricing function, a state-price deflator that defines a relationship between the
risk and return of tradable securities. If this state-price deflator is unique, the markets are said to be complete. This
uniqueness requires that there be exactly as many tradable assets as sources of uncertainty. Then all tradable assets can
be priced by using this pricing function. Correspondingly, the markets are incomplete, if there exist more than one
state-price deflator. In an incomplete market the price of a contingent claim may depend on the state-price deflator with
respect to which it is priced. Therefore such an elegant theory does not exist in an incomplete market, but it is currently
one of the major research agendas.

Stochastic analysis has had a significant impact on the rapid development of financial mathematics. This is because
linear stochastic differential equations are found to be efficient in the modeling of asset dynamics. Therefore, applying
powerful methods from stochastic analysis and stochastic control to all fields of mathematical finance has become
possible. This way new solutions have been derived and earlier models have been formalized in a general framework.
For instance, the optimal portfolio selection problem can be solved by employing the stochastic control theory. At the
same time, the development of sophisticated analytical and numerical methods has helped to increase the relevance of
these developments in the everyday financial practice.

This thesis considers mathematical finance in an incomplete market with transaction costs. The first paper studies
margin calculation from the clearing house’s perspective and the second essay studies the optimal hedging problem with
nonlinear instruments and transaction costs. Both these articles can be seen as an application of optimal portfolio
selection. The last two essays consider market conditions in the presence of incompleteness.

This introduction is structured as follows. Section 2 defines the market conditions, Section 3 reviews the related
literature, and Section 4 discusses the thesis shortly. Finally Section 5 summarizes the main results.

2. MARKET CONDITIONS

In this section we give the definitions for absence of arbitrage, single agent’s optimality, and market equilibrium. The
equivalence of all these three market conditions is that they all imply the existence of a state-price deflator. However,
each condition has a different path to this existence theorem and therefore they have a different economic interpretation
of the deflator.

The arbitrage-free condition means that there does not exist a zero investment portfolio that yields only positive
earnings and strictly positive earnings with strictly positive probability. So, if the markets are arbitrage-free, then there
is no possibility of ‘free lunch’. By employing the techniques of stochastic analysis the absence of ‘free lunch’ is
equivalent to the existence of a state-price deflator with the property that each price process is a martingale after
multiplication by the deflator. This is the foundation of the theory of pricing by arbitrage. The state-price deflator
defines an equivalent probability measure and contingent claims can, by definition, be priced by taking their expected
value with respect to this equivalent martingale measure.

The optimal consumption and portfolio choice problem is a selection of a consumption process that maximizes the
agent’s utility and a trading strategy that finances this consumption process. It is assumed that the agent’s decisions
have no effect on market prices. The probabilities given by the equivalent probability measure can be interpreted as the
intertemporal marginal rates of the substitution of an agent maximizing his expected utility. In the optimal consumption
and portfolio selection, the state-price deflator is used to transfer the problem into an explicit consumption choice
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problem. From this problem the solutions of optimal consumption and trading strategy are obtained from two linear
parabolic partial differential equations.

A security-spot market equilibrium is a collection of security prices, consumption commodity prices, the agents’
optimal consumption processes and trading strategies such that excess supply is zero in security and consumption
commodity markets, when the processes of security and consumption commodity prices are given. That is, the prices of
the economy are such that supply equals demand and that the allocation of each agent is optimal. The state-price
deflator is used to remove the average rates of return of different securities, and it defines a linear relationship between
the risk and return of tradable securities. Further, in a real economy the price of a consumption commodity can be seen
as the state-price deflator of the economy.

3. RELATED LITERATURE

In this section we review some literature on the absence of arbitrage, single agent’s optimality, and market
equilibrium in both complete and incomplete markets.

The theory of asset pricing has roots in Arrow (1953), Arrow and Debreu (1954), Samuelson (1965), Black and
Scholes (1973), Merton (1973), and Cox and Ross (1976). Harrison and Kreps (1979), Harrison and Pliska (1981), and
Kreps (1981) have formalized the earlier models in a general framework. In all these models the security markets are
assumed to be complete. The main result of these papers is the martingale definition of the arbitrage-free condition.

In Jouini and Kallal (1995) the arbitrage-free condition is derived in the presence of transaction costs. They show that
the arbitrage-free condition is equivalent to the existence of an equivalent probability measure that transforms some
process between the bid and ask price processes of traded securities into a martingale. The pricing in incomplete
markets is considered, e.g., in Karatzas and Kou (1996), Föllmer and Sonderman (1986), and Föllmer and Scheiwer
(1991).

Portfolio optimization under uncertainty originates from the static models of Markowitz (1952, 1958) and Tobin
(1958). The discrete multiperiod model can be found in Samuelson (1969). Merton (1969, 1971) analyzes the optimal
consumption and portfolio choice problem and its solution using the continuous-time stochastic control in finite and
infinite horizon settings. The martingale method to solve the optimal consumption and portfolio choice have been
developed in Cox and Huang (1989) and Karatzas, Lehoczky, and Shreve (1987). In these models the utility
maximization problem is considered by martingale methods and without the need of imposing any Markovian
assumptions.

The single agent’s optimality in the presence of transaction costs is studied, e.g., in Constantinides (1979, 1986),
Cvitanic and Karatzas (1996), Duffie and Sun (1990), Leland (1985), and Shreve and Soner (1994). For example, they
show that in the presence of transaction costs, the optimal trading strategy involves trading in discrete time intervals
and, under particular circumstances, the length of the trading interval may even optimally be chosen as fixed. Cvitanic
and Karatzas (1992, 1993) consider, e.g., general closed, convex constraints on portfolio proportions, and different
interest rates for borrowing and lending.

Sharpe (1965) and Lintner (1965) derive static equilibrium models for capital asset pricing under uncertainty. The
consumption-based capital asset pricing model is derived in Breeden (1979). The basic framework for deriving the
security-spot market equilibrium in a continuous-time setting can be found, e.g., in Duffie (1992). Duffie and Zame
(1989) have proved the existence of an Arrow-Debreu equilibrium in the case of a smooth-additive utility function.
Huang (1987) has derived an equilibrium model with a smooth-additive utility function.

The equilibrium in an incomplete market is studied in Grossman and Shiller (1982) and Back (1991). These models
start the analysis from the state-price deflators implicitly given by single agents, and then derive the excess expected
rates of return on all securities from the covariance of returns with aggregate consumption increments and the ‘market-
risk-aversion’ constant.
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3. THESIS

This thesis can be divided into two different parts. The first part consists of two practical papers, “Calling for the True
Margin” and “Optimal Portfolio Hedging with Nonlinear Derivatives and Transaction Costs”, that derive numerical
models for practitioners in financial markets. These articles can be seen as applications of optimal portfolio selection.
The second part consists of two theoretical essays “Optimal Home Currency and the Curved International Equilibrium”
and “Market Conditions under Frictions and without Dynamic Spanning”. These papers derive market conditions, i.e.,
the arbitrage-free condition, single agent’s optimality, and equilibrium, in the presence of some incompleteness.

3.1 MARGIN CALCULATION

The first essay of the thesis considers margin calculation from the clearing house’s perspective. The role of a clearing
house is to provide a guarantee for the investors. While the investors are customers of the derivative market place, the
actual trades are executed through the members of the exchange. Clearing houses collect margins from the derivative
exchange’s customers in order to ensure that all the participants get their earned profits, because the other customer’s
trading profit is the other customer’s trading loss in the derivative business.

A clearing house bears two risks, namely market risk and credit risk. The market risk is the risk of a large price
change, large enough to cause some of the customers to lose more than their initial margin requirements. The market
risk, if realized, causes a liability from these customers to the clearing house. On the other hand, the credit risk is the
risk related to this liability. Realization of the market risk leads to an exposure to the credit risk, which in turn may lead
to actual losses. For a clearing house to make a loss on a derivative security, the value of the final customer’s portfolio
must decrease more than the net margin, and both the final customer and its member must default because members
guarantee the customers’ deals as if they were their own.

This work presents a framework for understanding the risks and exposures and suggests a way to use the framework
in determining the margin requirements by using a fixed risk-level model. First, the probability distribution of the value
of the customer’s portfolio is characterized. Secondly, the loss distribution of the clearing house is derived from this
probability distribution and the default probability of the member. Finally, the margin requirement of the investor is set
based on the clearing house’s loss distribution. This calculation is an application of the optimal portfolio selection
problem with portfolio constraints. In this respect it is related, e.g., to Cvitanic and Karatzas (1992). The optimal
margin requirement is equal to the minimum amount of money such that the lowest outcome of the clearing house’s loss
distribution with the given fixed risk-level is nonnegative.

The fixed risk-level method is used in order to avoid explicit estimation of the clearing house’s utility function. Using
the principle of expected utility maximization a much more general model could be derived. For example, this kind of a
model could solve single customer’s margin requirement by taking into account the other customers’ margins. However,
such models are difficult and costly to solve and are usually too complex for practical margin calculations.

This essay shows that traditional models, such as using a fixed percentage from the underlying asset, can lead to
margin requirements that can be much larger than required in order to maintain a selected risk-level. Thus, the rules of
thumb currently used often result in tying up unnecessary amounts of the final customer’s capital.

3.2 OPTIMAL HEDGING

The second essay of the thesis considers optimal portfolio hedging in the presence of transaction costs and nonlinear
instruments. Hedging means reducing the risk of a portfolio by employing a trading strategy. The optimality criterion of
our model is to maximize the expected utility of terminal wealth. The hedging strategies are conditioned on full
information about the joint distribution of asset returns over the entire hedging period. Specifically, we assume that the
length of the trading interval has been selected based on some prior grounds pertaining to the tastes and the nature of
the investor’s business activities. The analysis also concentrates on the problem of determining the optimal portfolio
allocation strategy within the given discretization of the hedging period. The solution is obtained from a two-stage
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numerical procedure. First, the problem is transformed into a nonlinear programming problem, which utilizes simulated
coefficient matrices. Then, the nonlinear programming problem is solved numerically using standard constrained
optimization techniques.

In the solving of dynamic trading strategies, we try to find an approximate solution to a path-dependent dynamic
programming problem. The approximation is based on finding the optimal trading strategy among the strategies in
which the increments depend on the expected path of the state vector. These strategies are conditioned on a particular
subset of the state vector. The approximation reduces the complexity of the problem into computationally manageable
levels.

Our dynamic portfolio hedging model is related both to the literature on optimal dynamic portfolio choice, where
Merton (1971) has done the seminal work, and to the literature on static portfolio choice (Markowitz, 1958). Our
approach is one of hedging behavior models since it assumes non-tradability of the initial portfolio. However, the
optimality criteria in the dynamic optimal portfolio selection problem and the dynamic hedging problem are equivalent,
and the latter is a general variant of the former, since the hedging problem reduces to the problem of unconstrained
optimal portfolio choice in the absence of a fixed initial portfolio. Methodologically, our approach reduces the
complicated problem into a non-linear programming problem. This method is similar to the static one-period portfolio
selection problem. The model is also related to Cvitanic and Karatzas (1992, 1996), since we also consider the
constraints on portfolio proportions.

This essay shows that the optimal hedging behavior differs significantly from delta hedging. This happens even at
one- or two-day trading intervals. It also shows how the degree of risk aversion and transaction costs affects the
individuals’ hedging behavior. These results are difficult to obtain from an entirely analytic model, at least in the
current generality of the problem.

3.3 CURVED EQUILIBRIUM

The third essay considers the international markets. We extend the choice of the optimal portfolio and consumption
process to include the selection of an optimal home currency for single agents in a segmented real international
economy. We assume that there exist frictions in the trading of consumption commodities between different currencies
and that future frictions are uncertain. The uncertainty can be due to an uncertainty about the availability of
transporting capacity, the development of technology, and/or the wastage of consumption commodities during the
transportation. This yields to the situation where there are stochastic real foreign exchange rates and where the market
prices of risks differ between currencies. We derive the explicit relationship between the market price of risk vectors in
different currencies. Using these dependencies, we solve the optimal consumption problem for a single agent who is
able to freely choose his home currency, i.e., we allow investors to take advantage of the diverging valuation of risks
and real interest rates between currencies. We also derive an equilibrium that emerges, when a representative agent of
each currency behaves according to the optimization model. In this situation, the market prices of risk do not reflect the
risk attitudes of the investors in the particular currency. The prices are simply determined by the interplay of all
investors in the international economy. This yields the curved international equilibrium that is illustrated in Figure 1.

Expected
return

∇u β1

β2
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Standard deviation

Figure 1: Curved international equilibrium (∇u is the utility gradient of the agent, the thick contour is
the international efficient set, βi is the efficient line in currency i, and i = 1, 2)

Figure 1 shows that for all currencies the national efficient line must equal the international efficient contour at least
at one point. Because the international efficient contour is convex our international equilibrium is curved. From Figure
1 we see that the optimal home currency selection is equivalent to finding of the most appropriate national efficient line.
The curved equilibrium can be seen as an extension to Breeden (1979) in which the equilibrium yields a linear
relationship between risk and return.

3.4 MARKET CONDITIONS IN INCOMPLETE MARKETS

The fourth essay considers market conditions in an incomplete market and under frictions. Jouini and Kallal (1995)
have studied market conditions with transaction costs. In contrast to Jouni and Kallal, we consider also incomplete
markets and derive the market conditions by using the quotient space of prices of tradable assets. Specifically, we derive
the conditions for the absence of arbitrage, single agent’s optimality, and equilibrium in a market with separate bid and
ask prices and where there are more sources of uncertainty than there are tradable assets. In this case there exist more
than one linear pricing function, i.e., state-price deflator. First we construct a new probability space having less
information than the initial probability space. On the new probability space, the markets are complete, and we can
employ the framework of complete markets. All the processes of tradable assets are projected into this new space, and it
is shown that the market conditions hold in the initial economy if they hold for the projected markets. These projected
markets are the same kind of fictitious markets that are used in Cvitanic and Karatzas (1992, 1993, 1996). In addition
to Cvitanic and Karatzas, we let the volatility processes of tradable assets differ between various fictitious markets, and
we also consider general market frictions. Figure 2 illustrates our model.
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Figure 2: Trajectories of the prices of a tradable asset

In Figure 2 the dashed lines are the trajectories of bid and ask prices of an asset. The solid line is the path into which
the bid and ask trajectories are projected. Our framework implies that if the market conditions hold for the projected
processes, they hold also for the bid and ask price processes.

4. SUMMARY

Modern mathematical finance considers market conditions by using the methods of stochastic analysis. In complete
markets there exists a unique linear pricing function. In an incomplete market there could be many pricing functions
and therefore such an elegant theory does not directly exist.

This thesis consists of two practical essays and two theoretical papers. The practical papers can be seen as an
application of optimal portfolio selection and the theoretical papers study the market conditions in the presence of
incompleteness.

Although it is difficult to predict where the theory will go next, it seems that in the short run great emphasis is
devoted to the modeling of incomplete markets under frictions. Most likely, the continuous-time models that are usually
based on the Brownian motion will be generalized into the case of abstract information filtration. The derivative
industry has also a great interest in these research areas. For instance, investment banks have to consider point
processes in order to price default contingent claims. One disadvantage of these approaches is that in many cases the
computational problems of the models turn out to be quite hard. Therefore it seems that the research of computational
finance will increase in the near future.

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

5

5.1

5.2

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49 52 55 58 61 64 67 70 73 76 79 82 85 88 91 94 97

Ask price

Projected price

Bid price

Time

Value



11

References

Arrow, K. (1953), “Le Rôle des valeurs boursières pour la repartition la meillure des risques,” Econometrie,
Colloq. Internat. Centre National de la Recherche Scientifique 40 (Paris 1952), 41-47; discussion, 47-48,
C.N.R.S. (Paris 1953) English translation in Review of Economic Studies 31 (1964), 91-96.

Arrow, K., and G. Debreu (1954), “Existence of an Equilibrium for a Competitive Economy,” Econometrica, 22,
265-290.

Black, F., and M. Scholes (1973), “The Pricing of Options and Corporate Liabilities,” Journal of Political
Economy, 81, 637-654.

Breeden, D. (1979), “An Intertemporal Asset Pricing Model with Stochastic Consumption and Investment
Opportunities,” Journal of Financial Economics, 7, 265-296.

Constantinides, G. (1979), “Multiperiod Consumption and Investment Behavior with Convex Transaction
Costs,” Management Science, 25, 1127-1137.

Constantinides, G. (1986), “Capital Market Equilibrium with Transaction Costs,” Journal of Political
Economic, 94, 842-862.

Cox, J., and C.-F. Huang (1989), “Optimal Consumption and Portfolio Policies When Asset Prices Follow a
Diffusion Process,” Journal of Economic Theory, 49, 33-83.

Cox, J., and S. Ross (1976), “The Valuation of Options for Alternative Stochastic Processes,” Journal of
Financial Economics, 3, 145-166.

Cvitanic, J. and Karatzas (1992): ”Convex duality in Constrained Portfolio Optimization,” Annals of Applied
Probability, 2, 767-818.

Cvitanic, J. and Karatzas (1993): “Hedging Contingent Claims with Constrained Portfolios,” Annals of Applied
Probability, 3, 652-681.

Cvitanic, J. and Karatzas (1996): “Hedging and Portfolio Optimization under Transaction costs: a Martingale
Approach,” Mathematical Finance, 6, 133-165.

Duffie, D. (1992) Dynamic Asset Pricing Theory, Princeton University Press, Princeton.

Duffie, D,. and T. Sung (1990), “Transaction Costs and Portfolio Choice in a Discrete-Continuous Time
Setting,” Journal of Dynamic and Control, 14, 35-51.

Duffie, D., and W. Zame (1989), ”The Consumption-Based Capital Asset Pricing Model,” Econometrica, 57,
1279 - 1297.

Föllmer, H., and Schweizer, M. (1991), “Hedging of Contingent Claims under Incomplete Information,” In
M.H.A. Davis and R.J. Elliot, Applied stochastic analysis, pp. 389-414, Gordon and Breach, London.

Föllmer, H., and Sonderman, D. (1986), “Hedging of Non-Redundant Contingent Claims,” In A. Mas-Colell and
W. Hilderbrand, Contributions to Mathematical Economics, pp. 205-223, Amsterdam, North-Holland.

Grossman, S., and R. Shiller (1982), “Consumption Correlatedness and Risk Measurement in Economics with
Non-Traded Assets and Heterogeneous Information,” Journal of Financial Economics, 10, 195-210.

Harrison, J. M., and S. Kreps (1979): “Martingales and Arbitrage in Multiperiod Securities Markets,” Journal of
Economic Theory, 20, 381-408.

Harrison, J. M., and S. Pliska (1981): “Martingales and Stochastic Integrals in the Theory of Continuous
Trading,” Stochastic Processes and Their Applications, 11, 215-260.

Huang, C. -F. (1987), “An Intertemporal General Equilibrium Asset Pricing Model: The Case of Diffusion
Information,” Econometrica, 55, 117-142.



12

Jouini, E., and H. Kallal (1995), “Martingales and Arbitrage in Security Markets with Transaction Costs,”
Journal of Economic Theory, 66, 178-197.

Karatzas, I., and S.G. Kou (1996), “Pricing contingent with Constrained Portfolios,” Annals of Applied
Probability, 6, 321-369.

Karatzas, I., J. Lehoczky, and S. Shreve (1987), “Optimal Portfolio and Consumption Decisions for a ‘Small
Investor’ on a Finite Horizon,” SIAM Journal of Control and Optimization, 25, 1157-1186.

Kreps, D. (1981), “Arbitrage and Equilibrium in Economics with Infinitely Many Commodities,” Journal of
Mathematical Economics, 8, 15-35.

Leland, H. (1985), “Option Pricing and Replication with Transaction costs,” Journal of Finance, 40, 1283-1301.

Lintner, J. (1965), “The Valuation of Risky Assets and the Selection of Risky Investment in Stock Portfolios and
Capital Budgets,” Review of Economics and Statistics, 47, 13-37.

Markowitz, H. (1952), “Portfolio Selection,” Journal of Finance, 7, 77-91.

Markowitz, H. (1958), Portfolio Selection: Efficient Diversification of Investments, Wiley & Sons, New York.

Merton, R. (1969), “Lifetime Portfolio Selection under Uncertainty: The Continuous Time Case,” Review of
Economics and Statistics, 51, 247-257.

Merton, R. (1971), “Optimum Consumption and Portfolio Rules in a Continuous Time Model,” Journal of
Economic Theory, 3, 373-413.

Merton, R. (1973), “Theory of Rational Option Pricing,” Bell Journal of Economics and Management Science,
4, 141-183.

Samuelson, P. A. (1965), “Rational Theory of Warrant Pricing,” Industrial Management Review, 6, 13-31.

Samuelson, P. A. (1969), “Lifetime Portfolio Selection by Dynamic Stochastic Programming,” Review of
Economics and Statistics, 51, 239-246.

Sharpe, W. (1964), “Capital Asset Prices: A Theory of Market Equilibrium under Conditions of Risk,” Journal
of Finance, 19, 425-442.

Shreve, S., and M. Soner (1994), “Optimal Investmentand Consumption with Transaction Costs,” Annals of
Applied Probability, 4, 609-692.


