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Abstract
In this thesis we consider the biological problem of identifying what are the most
important, or vital, proteins within protein interaction networks. We consider the
notable signs of importance to be functional modules of proteins corresponding to
some biological processes and being part of a minimum set which is required for all
of the predicted protein interactions to exist. This connects the biological problem to
graph theory and allows us to consider the maximum clique problem and the minimum
vertex cover problem.

Both of the aforementioned problems are NP-complete combinatorial optimisation
problems which have no known polynomial time algorithms for exact solutions. Due
to this property and large scale of the studied networks, solving the problems exactly
becomes infeasible quickly considering both the optimisation runtime and memory
requirements. Attempting to find the most important proteins can be done through a
centrality measurement which quantifies how important a vertex is within a network
with respect to some metric. Most graph theoretical approaches on identifying vital
proteins from protein-protein interaction networks have utilised either NP-complete
problems or centrality methods separately. As a more novel part of the research, these
centrality values are used to construct heuristic algorithms for the clique and vertex
cover problems. Additionally, methods which simplify the process of finding exact
solutions to the NP-complete problems in the context of the interaction networks are
considered.

The methods are applied to the proteomes of parasitic species under genus
Leishmania spreading a disease called leishmaniasis which is considered to be a major
global health problem. These proteomes are analysed to find significant matches among
proteins which predict the protein-protein interactions. Metrics on the alignment
indicate that a majority of the found interactions are significant which are used as
the basis for formulating the interaction networks. The methods applied produced
good results in improving integer linear programming procedures and finding heuristic
solutions on the interaction networks. The only notable exception of the network of
Leishmania donovani proving to be relatively difficult to analyse with the considered
tools due to the scale and underlying structures in the network.

Keywords Protein-protein interaction network, Leishmania, NP-complete,
optimisation, clique, vertex cover, centrality, heuristic
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Tiivistelmä
Tässä diplomityössä tutkitaan tärkeimpien tai elintärkeiden proteiinien tunnistamista
proteiinien vuorovaikutusverkoista. Tutkimusen kohteena ovat biologisia prosesseja
ylläpitävät proteiinikompleksit sekä minimaaliset proteiinijoukot, jonka proteiinit
vaaditaan proteiiniverkon vuorovaikutusten ylläpitämiseksi. Nämä biologiset ongelmat
voidaan tulkita verkkoteorian avulla yhdistämällä proteiinien vuorovaikutusverkot
klikkiongelmaan ja solmupeiteongelmaan.

Molemmat edellä mainitut ongelmat ovat NP-täydellisiä kombinatorisia opti-
mointiongelmia, joille ei tunneta polynomisessa ajassa toimivia ratkaisualgoritmeja.
Laskennan vaikeuden ja verkkojen suuren koon takia tarkkojen ratkaisujen muo-
dostaminen on mahdotonta suoritusajan ja käyttömuistin vaatimusten takia. Tärkeitä
proteiineja voidaan myös tunnistaa keskeisyyden avulla, joka mittaa solmun tärkeyttä
verkossa. Tärkeitä proteiineja on aikaisemmassa tutkimuksessa tutkittu verkkoteorian
menetelmillä, mutta menetelmät ovat usein hyödyntäneet NP-täydellisiä ongelmia tai
keskeisyyttä erikseen. Tämän diplomityön tutkimus pyrkii yhdistämään lähestymista-
vat hyödyntämällä keskeisyyttä klikkiongelman ja solmupeiteongelman ratkaisevien
heuristiikoiden pohjana. Tämän lisäksi diplomityössä tutkitaan menetelmiä, jotka
yksinkertaistavat NP-täydellisten ongelmien tarkkojen ratkaisujen muodostamista
vuorovaikutusverkkojen kontekstissa.

Menetelmillä tutkitaan merkittävänä maailmanlaajuisena terveysongelmana pidet-
tyä leishmanioosia levittävien Leishmania-parasiittien proteiinikantoja. Parasiittien
proteiinien sekvensseja verrataan toisiinsa paikallisen kohdistamisen avulla, jolla
voidaan löytää proteiinisekvensseistä samanlaisuuksia. Samanlaisuudet ennustavat
proteiinien välisiä vuorovaikutuksia, joita käytetään vuorovaikutusverkkojen luomi-
seen. Kohdistuksen tuloksena saatiin suuri joukko merkittävänä pidettäviä proteiinipa-
reja, joiden perusteella tutkittavat verkot muodostettiin. Menetelmät tuottivat hyviä
tuloksia lineaaristen optimointiongelmien menettelyjen parantamisessa sekä heuris-
tisten ratkaisujen löytämisessä. Merkittävä poikkeus oli lajin Leishmania donovani
proteiinien vuorovaikutuksia kuvaava verkko, jossa edellä käsiteltyjen ongelmien
ratkaisu oli huomattavasti vaikeampaa. Haasteiden syynä pidettiin verkon suurta kokoa
ja rakenteita.

Avainsanat Proteiinien vuorovaikutusverkko, Leishmania, NP-täydellinen,
optimointi, klikki, solmupeite, keskisyys, heuristiikka
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Symbols and abbreviations
Symbols and operators
𝐺 An undirected and unweighted simple graph with the set of vertices 𝑉

and edges 𝐸 . Shorthand for 𝐺 (𝑉, 𝐸).
𝑉 (𝐺) Vertex set of graph 𝐺
𝐸 (𝐺) Edge set of graph 𝐺
𝐴(𝐺) Adjacency matrix of graph 𝐺.
𝑙𝐺 (𝑣) Adjacency list of vertex 𝑣 in graph 𝐺.
𝜌(𝐺) Density of graph 𝐺.
𝑃𝐺 (𝑘) Degree distribution of graph 𝐺.
Z≥0 Set of nonnegative integers.
deg(𝑣) Degree of vertex 𝑣.
Δ(𝐺) Maximum vertex degree of a graph 𝐺.
𝑑̄ (𝐺) Average vertex degree in graph 𝐺.
𝑆1\𝑆2 Set of all elements in 𝑆1 which are not in 𝑆2.
𝐺 [𝑆] Subgraph of 𝐺 induced by 𝑆 ⊂ 𝑉 .
d(𝑢, 𝑣) Geodesic distance between vertices 𝑢 and 𝑣 in a graph.
𝜎𝑠𝑡 Amount of unique shortest paths between distinct vertices 𝑠 and 𝑡.
𝜎𝑠𝑡 (𝑣) Amount of unique shortest paths between distinct vertices 𝑠 and 𝑡 which

are passing through 𝑣.
C Connected component of a graph.
e𝑛 𝑛-dimensional vector of ones.

Abbreviations
ILP integer linear programming
MISP maximum independent set problem
MCP maximum clique problem
MVCP minimum vertex cover problem
NTD neglected tropical disease
L. Leishmania
PPIN protein-protein interaction network
s.t. subject to
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1 Introduction
Proteins do not appear in isolation in organisms but rather amongst other proteins. In
addition, many biological mechanisms heavily rely on interactions between proteins.
The networks built from these interactions essentially define life as it is known.
Identifying vital proteins within these systems of interactions is a long standing
problem with many biological applications as these proteins can be a key factor in
new treatment methods [5, 47] and vaccines [55]. The work in this thesis focuses on
different species of Leishmania, which are sub-tropical parasitic organisms that cause
the disease called leishmaniasis [4]. The protein databases of these species are studied
and interactions between proteins are predicted with basic local alignment search tools
which are widely used within biological applications [3]. These search tools predict
interactions from protein databases based on similarity of the proteins [53]. With the
predicted connections, networks are formed where the proteins are used as vertices
and predicted interactions are used as edges.

For the identification of vital proteins in these interaction networks, two well
known NP-complete problems are considered: the maximum clique problem and the
minimum vertex cover problem. Cliques can be used as a predictor for functional
modules of proteins [59] and vertex covers offer a way to construct a set of proteins
which are necessary for all protein interactions within the proteome of the organism
[34]. These optimisation problems can be used to predict vital sets of proteins of the
species. However, since these problems belong to the NP-complete class of problems
[38], computational complexity of solving the problems is a concern. Finding exact
solutions or even formulating these problems can be inefficient considering runtime or
memory usage. This inefficiency has led to the consideration of a number of alternative
computational methods to identify vital proteins. For example, centrality methods
offer algorithms that quantify how important the vertices of a network are according
to some metric [25].

Previous research on vital proteins has focused on the NP-complete problems
[1, 20] and centrality methods [46, 56] separately. The more novel part of our research
combines the methods where the centrality methods are utilised as a base for heuristic
algorithms to generate solution candidates for the NP-complete problems. The goal of
this thesis is to find a way to represent predicted interactions of proteins as networks
and analyse them with the methods that attempt to identify important proteins from
the interaction networks. Additionally, more standard ILP formulations are also
formulated which attempt to solve the corresponding NP-complete problems exactly.
The heuristic algorithms are compared to the ILP formulations in the quality of the
result and the runtime. For the problem solution procedures, memory efficiency and
ease of execution on a lower end computer are additionally prioritised as a proof of
concept. Everything in this thesis is run on an Intel Core i5-10210U 1.6 GHz CPU
with 4 GB of available RAM.



L. infantum L. tropica L. donovani L. major L. mexicana L. braziliensis L. aethopica L. amazonensis L. panamensis

Figure 1: World distribution of certain Leishmania (L.) species. In this thesis, the
species infantum, tropica, donovani, major, mexicana, braziliensis and amazonensis
are considered for the protein-protein interaction analysis.

2 Background
Leishmaniasis is a disease that belongs to the class of neglected tropical diseases
(NTD) classified by the World Health Organization (WHO). The disease is spread by
parasites of the genus Leishmania (abbreviated as L.) that are distributed in sub-tropical
and tropical areas of the world according to Figure 1. More than a billion people
live in areas endemic to the diseases [67] and more than 1 million new cases of
leishmaniasis are diagnosed each year [4, 66]. Currently, treatment and prevention of
the disease is difficult since there are no effective and durable vaccines for humans
[6], treatments have problems with long treatment times and toxicity, and the diseases
have a significant risk of developing resistances over time [17].

In the fight against leishmaniasis, a significant part of the difficulty comes from
difficulties of modelling protein interactions and reliably finding vital proteins of
organisms. Interactions between proteins can be physically identified with in vitro
and in vivo methods [54]. Physical experiments give more concrete results, but these
experiments can also produce inaccurate results while being slow and expensive. This
has led to the implementation of different computational methods for identification of
protein interactions. These computational methods are constantly being developed,
but they currently have problems with accuracy [41] and may require pairing with
experimentally defined interactions to produce stronger results [47]. Regardless of
these issues, these methods still offer necessary tools to perform research on interactions
between proteins.

7



Protein-protein interaction networks (PPIN) have been used in the analysis of
protein functions [63], diseases [64], vector species such as Leishmania parasites
[27], and in the development of new drugs [5, 47] and vaccines [55]. They offer
an effective way to represent proteomes of species while considering the biological
processes between proteins. With appropriate analysis, these networks can be further
considered to find parts of the proteome which construct functional modules [61] that
are the building blocks of biological processes or vital sets of proteins necessary for
the network to exist. These protein interaction structures can be identified and studied
using graph theory.

2.1 Graph theory
In this thesis, protein-protein interaction networks for Leishmania species are the
point of study. These networks and their properties can be studied by representing
interactions of proteins through graphs. In mathematics, graphs are synonymously
called networks. For this thesis, the theoretical applications on graphs will be called
graphs, while the experimentally formed representations of protein-protein interactions
will be called networks. This is done to be consistent with existing research on these
networks.

Definition 2.1 (Graph, undirected graph, simple graph). A graph 𝐺 (𝑉, 𝐸) is a tuple
of sets where 𝑉 is the set of vertices and 𝐸 is a set of edges. Each edge 𝑒 ∈ 𝐸 connects
a pair of vertices for which the vertices are called the end points of the edge. Edges
can also be denoted as 𝑢𝑣 where 𝑢 connects to 𝑣. Edges can be directed where 𝑢𝑣 ∈ 𝐸
means 𝑢 only connects to 𝑣, or undirected where 𝑢𝑣 ∈ 𝐸 means 𝑢 connects to 𝑣, and
𝑣 connects to 𝑢 by the same edge. Vertex sets 𝑉 (𝐺) and edge sets 𝐸 (𝐺) of a graph
include all the corresponding elements of the graph𝐺. A simple graph is an undirected
graph which contains no edges that connect vertices back to themselves, called loops,
and no sets of multiple edges that would connect the same pairs of vertices, called
parallel edges. The notation |𝑉 | and |𝐸 | is used to refer to the number of vertices and
edges within a graph.

Definition 2.2 (Adjacent vertices). For a graph 𝐺 (𝑉, 𝐸), two vertices 𝑢, 𝑣 ∈ 𝑉 are
said to be adjacent if 𝑢𝑣 ∈ 𝐸 . Adjacent vertices can also be synonymously called
neighbours.

The end goal is to construct protein-protein interaction networks (PPIN) by
representing the proteins of a certain organism as the vertices of a graph, while the
edges represent interactions. As per Definition 2.1, all following mentions of graphs
have the implicit assumption that the graph is undirected and simple. We also define
different kinds of properties for graphs to help with the formulation and analysis of
the graph theoretical side of the representation. For computational applications of
graphs, adjacency matrices and adjacency lists are often used as data structures for
graph representation.
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Definition 2.3 (Adjacency matrix). The adjacency matrix for a graph 𝐺 (𝑉, 𝐸) is a
|𝑉 | × |𝑉 | matrix, denoted as 𝐴(𝐺), which is defined as

𝐴𝑖, 𝑗 =

{︄
1, if 𝑖 𝑗 ∈ 𝐸
0, if 𝑖 𝑗 ∉ 𝐸

where it is assumed that the set 𝑉 is indexed to {1, . . . , |𝑉 |} and 𝑖, 𝑗 ∈ {1, . . . , |𝑉 |}.

Definition 2.4 (Adjacency list). The adjacency list for a vertex 𝑣 ∈ 𝑉 in a graph
𝐺 (𝑉, 𝐸), denoted as 𝑙𝐺 (𝑣), consists of all vertices 𝑢 ∈ 𝑉 such that 𝑢 and 𝑣 are adjacent
in 𝐺. The adjacency list of a vertex 𝑣 can also be called the neighbourhood of 𝑣.

Adjacency lists are used as the data structure to represent graphs within this thesis
since they offer fast lookups of neighbours of vertices which are heavily utilised in
different algorithms that will be considered later on. The concept of graph density is
introduced next, where density is a measurement of the number of edges normalised
to the maximum possible number of edges.

Definition 2.5 (Graph density). The graph density, or density, of 𝐺 (𝑉, 𝐸), denoted as
𝜌 : 𝐺 → [0, 1], is defined as the ratio of edges and the maximum number of edges a
graph with the same number of vertices could have. Graph density is denoted as

𝜌(𝐺) = 2|𝐸 |
|𝑉 | ( |𝑉 | − 1) .

Density affects the efficiency of approaches in the methods for analysis that are
discussed later on in the thesis. Graphs can be called sparse or dense graphs depending
on their density value.

Definition 2.6 (Sparse graph, dense graph). A sparse graph is a graph which has low
density or a significantly smaller number of edges than the largest possible number of
edges. A graph 𝐺 is sparse if

0 ≤ 𝜌(𝐺) ≪ 1.

A dense graph is a graph which has high density or the number of edges is close to the
largest possible number of edges. A graph 𝐺 is dense if

1 ≥ 𝜌(𝐺) ≫ 0.

The special cases considering density are the cases where 𝜌(𝐺) = {0, 1}. A graph
𝐺 with 𝜌(𝐺) = 0 has no edges and is called an empty graph. On the other hand, a
graph 𝐺 with 𝜌(𝐺) = 1 is called a complete graph.

Definition 2.7 (Complete graph). A complete graph 𝐺 is a graph in which each pair
of distinct vertices is joined by an edge.

A more direct representation of the size of the neighbourhood of a vertex is also
defined. These finer details near a vertex determine the structure of the graph more
carefully.
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Definition 2.8 (Vertex degree). The degree of vertex 𝑣 ∈ 𝑉 in a graph 𝐺 (𝑉, 𝐸),
denoted as deg(𝑣), is defined as the number of distinct vertices adjacent to vertex 𝑣.
The degree of the vertex equals to the size of the adjacency list 𝑙𝐺 (𝑣) or neighbourhood
of 𝑣.

The degrees of vertices can be considered for the whole graph to give metrics
on the graph. The important metrics considered within this thesis are the average
vertex degree of a graph, denoted as 𝑑̄ (𝐺), and the maximum vertex degree of a graph,
denoted as Δ(𝐺). The distribution of vertex degrees in a graph is also introduced.

Definition 2.9 (Degree distribution). The number of vertices in a graph 𝐺 with degree
𝑘 scaled by the total number of vertices for all 𝑘 ∈ Z≥0 produces the degree distribution
of the graph 𝐺, which is denoted as 𝑃𝐺 (𝑘).

Definition 2.10 (Power-law degree distribution, scale-free network). A graph 𝐺 has a
power-law degree distribution if the vertex degree distribution 𝑃𝐺 (𝑘) is proportional
to 𝑘−𝛾 with 𝛾 > 1. In practical applications, a network is said to have a power-law
degree distribution if the tail of the degree distribution follows a power law [22, 60]
and 𝛾 is often limited to 2 < 𝛾 < 3. A graph, or a network, with a power-law degree
distribution is synonymously called a scale-free network.

Graphs have other special kinds of sets of vertices with important structural
features. The ones considered further in this thesis are independent sets, vertex covers
and cliques.

Definition 2.11 (Independent set, maximal independent set, maximum independent
set). A subset 𝑆 of vertices 𝑉 (𝐺) is called an independent set if no two vertices of 𝑆
are adjacent in 𝐺. An independent set is called maximal if there exists no 𝑣 ∈ 𝑉 (𝐺)\𝑆
such that 𝑆 ∪ {𝑣} would be an independent set. An independent set is called maximum
if 𝐺 has no independent set 𝑆′ with |𝑆′| > |𝑆 |.

Definition 2.12 (Vertex cover, minimal vertex cover, minimum vertex cover). A subset
𝐾 of vertices 𝑉 (𝐺) is called a vertex covering set or a vertex cover of 𝐺 if every edge
of 𝐺 has at least one end point in 𝐾. A vertex cover is called minimal if there is no
𝑣 ∈ 𝐾 such that 𝐾\{𝑣} is a vertex cover. A vertex cover is called minimum if 𝐺 has no
vertex cover 𝐾′ with |𝐾′| < |𝐾 |.

For the definition of cliques, it is convenient to first define induced subgraphs.

Definition 2.13 (Induced subgraph). Induced subgraph of 𝐺 over a subset of vertices
𝑆 ⊂ 𝑉 (𝐺), denoted as 𝐺 [𝑆], is a graph formulated by taking a subset of vertices
𝑆 = 𝑉 (𝐺 [𝑆]) and edges such that 𝐸 (𝐺 [𝑆]) = {𝑢𝑣 ∈ 𝐸 | 𝑢, 𝑣 ∈ 𝑆}.

Definition 2.14 (Clique, maximal clique, maximum clique). A subset 𝐶 of vertices
𝑉 (𝐺) is called a clique if the induced subgraph 𝐺 [𝐶] is a complete graph. A clique 𝐶
is called maximal if there exists no vertex 𝑣 ∈ 𝑉 (𝐺)\𝐶 such that 𝐶 ∪ {𝑣} would be a
clique. A clique 𝐶 is called maximum if 𝐺 has no clique 𝐶′ with |𝐶′| > |𝐶 |.
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Figure 2: Venn diagram of problem complexity classes 𝑃, 𝑁𝑃, 𝑁𝑃-hard and
𝑁𝑃-complete with assumptions 𝑃 ≠ 𝑁𝑃 and 𝑃 = 𝑁𝑃. Image source: https:
//commons.wikimedia.org/wiki/File:P_np_np-complete_np-hard.svg
licensed under the Creative Commons Attribution-Share Alike and edited to include
colours for different classes.

Definitions 2.12 and 2.14 are directly connected to two complex network optimi-
sation problems with biological applications: the maximum clique problem and the
minimum vertex cover problem. These optimisation problems belong to a category
called 𝑁𝑃-complete problems [38] (Figure 2) which are unlikely to have solution
methods that run in polynomial amount computation time, or polynomial time. The
question of whether any 𝑁𝑃-complete problem can be solved in polynomial time is
one of the unsolved Millennium Prize Problems [23] and the solution to the question
has a million dollar prize attached to it. As these problems are associated with finding
vital proteins within protein interaction networks, they will be studied in Section 3.
Finally, some additional definitions are introduced to help with the analysis of the
graphs. First, we consider the definitions of walks and paths.

Definition 2.15 (Walk). A walk in a graph 𝐺 (𝑉, 𝐸) is a sequence of vertices
{𝑣1, 𝑣2, . . . , 𝑣𝑛} where 𝑣𝑖 ∈ 𝑉 such that there exists an edge in the graph which
joins each consecutive pair of vertices, or 𝑣𝑖𝑣𝑖+1 ∈ 𝐸 for 𝑖 ∈ {1, . . . , 𝑛 − 1}.

Definition 2.16 (Path). A path in a graph 𝐺 is a walk in which the vertices in
the sequence {𝑣1, 𝑣2, . . . , 𝑣𝑛} are unique. This can be stated as 𝑣𝑖 ≠ 𝑣 𝑗 for any
𝑖, 𝑗 ∈ {1, . . . , 𝑛} and 𝑖 ≠ 𝑗 .

If there exists a path between two distinct vertices, the vertices are said to be
connected. If such a path does not exist, the vertices are said to be disconnected.
Additionally, a graph is said to be connected if every pair of vertices is connected, and
disconnected otherwise. These definitions give us a way to break graphs into distinct
components.
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Definition 2.17 (Pairwise disjoint sets). Sets 𝑆1 and 𝑆2 are called pairwise disjoint or
disjoint if 𝑆1 ∩ 𝑆2 = ∅.

Definition 2.18 (Connected component). A connected component C, which is some-
times called a maximally connected subgraph, is an induced subgraph of 𝐺 such that
there exists no vertex 𝑢 ∈ 𝑉 (C) which is disconnected from any other vertex 𝑣 ∈ 𝑉 (C)
and that there exists no vertex 𝑤 ∉ 𝑉 (C) such that 𝑢𝑤 ∈ 𝐸 (𝐺). C(𝑣) is used as the
notation for the connected component that includes the vertex 𝑣.

With the notion of paths, there also exists a notion of a shortest path between
a source vertex 𝑠 ∈ 𝑉 (𝐺) and some target vertex 𝑡 ∈ 𝑉 (𝐺). The shortest path
corresponds to the shortest sequence {𝑣𝑖}𝑛𝑖=1 of distinct vertices such that 𝑠 = 𝑣1 and
𝑡 = 𝑣𝑛. Calculating shortest paths between vertices offers two tools which are used
within the scope of this thesis. First, the number of unique shortest paths between
two vertices 𝑠, 𝑡 ∈ 𝑉 (𝐺) is denoted as 𝜎𝑠𝑡 and the number of unique shortest paths
between two vertices 𝑠, 𝑡 ∈ 𝑉 (𝐺) that pass through some other vertex 𝑢 ∈ 𝑉 (𝐺),
which is distinct from 𝑠 and 𝑣, is denoted as 𝜎𝑠𝑡 (𝑢). Second, the geodesic distance is
considered as the definition of the distance between vertices in graphs.

Definition 2.19 (Graph geodesic distance). The geodesic distance in a graph 𝐺
between vertices 𝑢, 𝑣 ∈ 𝑉 (𝐺) with 𝑢 ≠ 𝑣, denoted as d(𝑢, 𝑣), is defined as the number
of edges traversed on the shortest path between 𝑢 and 𝑣. For the case 𝑢 = 𝑣, it is
defined separately that d(𝑢, 𝑢) = 0. If 𝑢 and 𝑣 are disconnected, the distance is set to
be infinite.
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2.2 Formulations for the optimisation problems
To study the optimisation problems related to cliques and vertex covers, exact formu-
lations are formed which attempt to find exact solutions to the problems.

Definition 2.20 (Maximum clique problem). The maximum clique problem (MCP) on
a graph 𝐺 is the maximisation problem of finding a maximum clique in 𝐺.

The MCP for a graph 𝐺 (𝑉, 𝐸) may be formatted as an ILP such that

max
∑︁
𝑖∈𝑉

𝑥𝑖,

s.t. 𝑥𝑖 + 𝑥 𝑗 ≤ 1, 𝑖, 𝑗 ∈ 𝑉, 𝑖 𝑗 ∉ 𝐸
𝑥𝑖 ∈ {0, 1}, 𝑖 ∈ 𝑉

(1)

where 𝑥 can be represented by a binary vector corresponding to vertices formulated
from 𝑉 where the values indicate whether vertex 𝑖 is chosen in the clique.

A

B

D

C

E

Figure 3: A maximum clique of an example graph is represented with red vertices.
The clique is valid if each of the vertices in the clique is adjacent to the others. Edges
of the graph are represented as black solid lines, and pairs of vertices corresponding to
the constraints of the ILP formulation of the MCP are represented as red dashed lines.

In the ILP formulation (1), the conditions required to find a clique are constructed
by setting a constraint for each pair of vertices that are not adjacent (Figure 3). The
constraint restricts that only one of the vertices in such a pair can be chosen in the
clique.
Remark 2.21. Any clique of a graph 𝐺 is fully contained in one of the connected
components of the graph.

With Definitions 2.14 and 2.18 it is relatively easy to see that Remark 2.21 holds
and it allows us to consider parts of a graph separately when trying to solve the MCP.
The main benefit comes from noticing that any combination of two vertices in different
connected components requires a constraint in the ILP formulation, which is inefficient
memory usage. After running an algorithm for the exact solution separately on the
connected components, the best solution found between the components gives the
largest clique within the whole graph.

13



Definition 2.22 (Minimum vertex cover problem). The minimum vertex cover problem
(MVCP) on a graph 𝐺 is the minimisation problem of finding a minimum vertex cover
in 𝐺.

The MVCP for a graph 𝐺 (𝑉, 𝐸) may be formatted through ILP such that

min
∑︁
𝑖∈𝑉

𝑥𝑖,

s.t. 𝑥𝑖 + 𝑥 𝑗 ≥ 1, 𝑖 𝑗 ∈ 𝐸
𝑥𝑖 ∈ {0, 1}, 𝑖 ∈ 𝑉

(2)

where 𝑥 can be represented by a binary vector corresponding to vertices formulated
from 𝑉 where the values indicate whether vertex 𝑖 is chosen in the vertex cover.

A

B

D

C

E

Figure 4: A minimum vertex cover of an example graph is represented with blue
vertices. Each edge in the graph must have one endpoint in the vertex cover.
Additionally, each edge corresponds to a single constraint in the ILP formulation.

In ILP formulation (2), the MVCP is formulated by creating a constraint for each
edge (Figure 4). The definition of a vertex cover is fulfilled by choosing at least one
endpoint of every edge. Similarly to cliques, this can also be considered separately for
the connected components of the graph.
Remark 2.23. A vertex cover of a graph 𝐺 can be expressed as the union of vertex
covers over the connected components of the graph.

This can be useful considering some of the methods may have undefined behaviour
for vertices that are disconnected. To conclude the section, the maximum independent
set problem is also defined.

Definition 2.24 (Maximum independent set problem). The maximum independent set
problem (MISP) on a graph 𝐺 is the maximisation problem of finding a maximum
independent set in 𝐺.

Even though the maximum independent set problem is not directly studied for
biological networks, it is still useful to define the problem since the MISP is inherently
connected to the MVCP, which is utilised further when the heuristic methods are
discussed in Section 3.2.2.

14



2.3 Centrality measures
Centrality measures attempt to answer the question of how important a vertex is in a
graph. Previous research on PPINs has utilised centrality measures as a direct approach
to find the most vital proteins [35] where the vertices with highest centrality values
predict importance in PPINs. Degree centrality follows the idea that vertices which
have more neighbours are considered to be more central or important in the graph.

Definition 2.25 (Degree centrality). The degree centrality of a vertex 𝑢 in a graph 𝐺
is equivalent to the degree of the vertex. This is defined as

𝐷𝐶 (𝑢) = deg(𝑢).

Closeness centrality measures how close a vertex is to the other vertices in the
graph. A vertex is considered to be more central if the shorter paths to other vertices
are short.

Definition 2.26 (Closeness centrality). The closeness centrality [8, 57] of a vertex
𝑣 ∈ 𝑉 in a graph 𝐺 is often defined as

1∑︁
𝑢∈𝑆(𝑣) d(𝑢, 𝑣)

where d(𝑢, 𝑣) is the geodesic distance between the vertices and 𝑆(𝑣) ⊂ 𝑉 (𝐺) is the
set of vertices that are connected to 𝑣. If the graph is disconnected, the centrality is
considered separately for the connected components C of the graph [65]. In such
cases, the centrality can be normalised over the whole graph, giving us the more
general definition

𝐶𝐶 (𝑣) =
|𝑉 (C(𝑣)) | − 1
|𝑉 (𝐺) | − 1

1∑︁
𝑢∈C(𝑣)\{𝑣} d(𝑢, 𝑣) .

Remark 2.27. Definition 2.26 assumes that the graph 𝐺 has at least two vertices in
each connected component.

Betweenness centrality measures how many shortest paths pass through a specific
vertex. A vertex is considered to be more central if many shortest paths within a graph
pass through the vertex.

Definition 2.28 (Betweenness centrality). The betweenness centrality [28] of a vertex
𝑣 ∈ 𝑉 in a graph 𝐺 (𝑉, 𝐸) is defined as

𝐶𝐵 (𝑣) =
∑︁

𝑠,𝑡∈𝑉 :𝑠≠𝑣≠𝑡

𝜎𝑠𝑡 (𝑣)
max(𝜎𝑠𝑡 , 1)

.

Eigenvector centrality of a vertex is proportional to the sum of the centralities
within the neighbourhood of the vertex. Essentially, a vertex is considered to have high
centrality if other vertices of high centrality are adjacent to it. In practice, eigenvector
centrality is calculated iteratively through power iteration, where in each iteration a
candidate vector is multiplied by the adjacency matrix and then normalised.

15



Definition 2.29 (Eigenvector centrality). The eigenvector centrality [12] of a vertex
𝑣 ∈ 𝑉 (𝐺) in a graph 𝐺 is defined as the corresponding index of the principal left
eigenvector of the adjacency matrix 𝐴 corresponding to the graph 𝐺.

The algorithm for eigenvector centrality may be altered to handle issues within
the calculation. A simple reconstruction is the Katz-Bonacich centrality which gives
each vertex some baseline value of centrality [12, 39]. An additional alteration
to eigenvector centrality is normalising the adjacency matrix, which gives us the
PageRank algorithm [13, 32] which was famously developed for Google to solve the
problem of web-indexing.

Definition 2.30 (PageRank). The PageRank value of a vertex 𝑣 ∈ 𝑉 in a graph𝐺 (𝑉, 𝐸)
is the corresponding index of the principal left eigenvector of matrix 𝑀 defined as

𝑀 = (1 − 𝑞)𝐴𝑝⊤ + 𝑞

|𝑉 | e|𝑉 |e
⊤
|𝑉 |

where 𝑞 is the jump probability, 𝐴 is the adjacency matrix of the graph 𝐺, 𝑝 is a
|𝑉 |-dimensional vector defined corresponding to the indices for vertices in 𝐴 as

𝑝𝑣 =

{︄
1
|𝑉 | , if deg(𝑣) = 0,

1
deg(𝑣) , otherwise

and e|𝑉 | is the |𝑉 |-dimensional vector of ones.

Calculating the PageRank values is similar to the power iteration for eigenvector
centrality. Finally, we consider how vertices preserve their connections while vertices
with lower degrees are removed. A notation of 𝑘-cores and shells is given to construct
the last centrality method considered within this thesis [44, 58].

Definition 2.31 (𝑘-core). The 𝑘-core of a graph𝐺 with 𝑘 ≥ 1 is defined as the subgraph
of 𝐺 which is formulated by iteratively removing vertices of degree {0, . . . , 𝑘 − 1}
until the graph stays unchanged. The original graph can be referred to as the 0-core.

Definition 2.32 (Shell index). The shell index of a vertex 𝑣 ∈ 𝑉 (𝐺), denoted as 𝑆(𝑣),
is defined as the largest 𝑘 value where 𝑣 is included in the corresponding 𝑘-core of the
graph 𝐺.

The shell indices of vertices can be used as a metric of centrality (Figure 5).
However, this is not a good way to approach creating a centrality method, as only
considering shell indices is guaranteed to produce a large set of vertices with equal
centrality values. This is not preferred when the goal is to identify the most important
vertices of the graph.
Remark 2.33. A non-empty 𝑘-core in a graph has at least 𝑘 + 1 vertices.

Producing large sets of equivalently important nodes can be avoided by considering
the shell-indices of the neighbourhood of a specific vertex. This construction gives
the following formulation of coreness centrality.
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Figure 5: Representation of 𝑘-cores and vertex shell indices. 𝑘-cores are formed by
iteratively removing vertices of degree 𝑘 − 1 or less until the graph stays unchanged.
The cores are represented as parts of the graph enclosed within the lines and vertex
shell indices are represented by colouring.

Definition 2.34 (Coreness centrality). The coreness centrality of a vertex 𝑣 in a graph
𝐺 is defined by summing the shell indices of all the neighbours of 𝑣. This can be
represented as

𝐶𝐾 (𝑣) =
∑︁

𝑢∈𝑙𝐺 (𝑣)
𝑆(𝑢).

All centrality methods are visualised on a small sparse example graph in Figure 6.
Most centrality definitions include normalisation multipliers, but in this thesis they
are left out unless they are necessary for the definition, like in the case of Definition
2.26. Normalisation parameters based on number of vertices in the graph are often
used since it enables comparisons between different graphs.
Remark 2.35. Due to varying time complexity between the centrality methods, the
time complexity for an arbitrary centrality method is noted as O(𝐶𝑀) in the relevant
parts of the thesis.
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Figure 6: Centrality measures were calculated for the vertices of a small random
sparse graph. Each method assigns importance to vertices, which is denoted with
the colours. Value of 1 (in yellow) is given to the most important vertex, and other
vertices are normalised to the interval [0, 1]. The centrality methods often produce
similar results, as most of the centrality values seem to correlate with the degrees of
the vertices. Betweenness centrality stands out as the vertex with the highest centrality,
as the method gives higher values to vertices that are connected to other important
vertices. Thus, a different vertex compared to the other methods is given the highest
importance. Closeness centrality is also distinct, as the geodesic distances from each
vertex are similar on average, resulting in more similar centrality values across vertices.
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3 Solution methods
In previous research, graph theoretical methods of identifying vital proteins have
studied centrality measures [46, 56] or NP-complete problems like MCP [1, 69] and
MVCP [20]. The novel part of our research focuses on combining these methods
where centrality is used as the base for finding cliques and vertex covers within PPINs.
In this section, concrete simplifications to ILP formulations and heuristic methods
are discussed which are used to find solution candidates to problems described in
Definitions 2.20 and 2.22.

There are no deterministic polynomial-time algorithms that exactly solve the
optimisation problems in Definitions 2.20, 2.22 and 2.24. With large enough graphs, the
computation of exact solutions with in-memory procedures, such as ILP formulations
on Gurobi and SCIP, easily run out of memory either while constructing the constraints
or while attempting to solve the problem exactly. This becomes evident quickly with the
MCP ILP formulations for a sparse graph𝐺 (𝑉, 𝐸) since there are |𝑉 | ( |𝑉 | − 1)/2− |𝐸 |
constraints and |𝑉 | binary decision variables. With the definition for graph density,
the constraint count may be rewritten as |𝐸 |

(︁
𝜌(𝐺)−1 − 1

)︁
. The number of constraints

is scaled both by the number of edges and the inverse of the density, which is much
larger than 1 for sparse graphs. This significantly increases the memory requirement
for the full ILP formulation. Even if the memory requirement would not be a problem,
combinatorial optimisation problems in general are not easy to solve exactly due to
large number of vertices and NP-completeness. This highlights the importance of
reducing the optimisation problem size and finding heuristic approaches that find
maximal cliques and minimal vertex covers that are relatively close to the corresponding
problems’ global optima.

Vertices with high centrality have been observed to more likely belong to large
cliques [45] and small vertex covers [37]. Thus, a natural idea would be to construct
valid solutions to the optimisation problems by picking nodes to solution candidates
based on centrality. The following methods are designed to be used on sparse graphs
with properties similar to those of scale-free graphs, but they can be applied on any
graph.

3.1 Cliques
In the context of the biological application on PPINs, a clique represents a set of
proteins that all interact pairwise with each other. Large cliques are used as a predictive
tool for functional modules in organisms [68]. These sets of proteins are clearly of
interest, as such functional modules can be vital for an organism. Thus, affecting the
vital groups of proteins can offer approaches for new treatments and vaccines against
diseases. Methods of finding large cliques from PPINs is a relevant question and one
of the main points of study within the thesis.
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3.1.1 MCP ILP formulation simplifications

This section discusses methods to simplify ILP formulations for the MCP. These
methods are built around removing vertices from the MCP consideration which can
not be part of cliques above a certain size. This process of removing vertices from
consideration is referred to as pruning of graphs in this thesis. The main approach
studied within this thesis uses 𝑘-cores and the definition of cliques.

Theorem 3.1. A clique of size 𝑘 is fully included in (𝑘′ − 1)-core of graph 𝐺, if
𝑘 ≥ 𝑘′.

Proof. This follows immediately from Definitions 2.7, 2.14 and 2.31. When the
(𝑘′ − 1)-core is built by iteratively removing vertices with degree {0, . . . , 𝑘′ − 2}, all
vertices within the clique of size 𝑘′ have a vertex degree of at least 𝑘′ − 1 within the
subgraph and thus no vertex within the clique is removed within the process. □
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Figure 7: Illustration of taking a 4-core of a graph with a maximum clique of size 5
which is highlighted with red outlining. The maximum clique is kept in the 4-core
as per Theorem 3.1. Vertices removed within the 𝑘-core iteration are displayed with
white vertices and dashed edges.

Preserving cliques while taking 𝑘-cores is illustrated in Figure 7. In sparse graphs
with low average degree, this can increase the graph density by a notable margin,
which, on the other hand, significantly reduces the number of constraints for the
optimisation problem. There exist other more aggressive pruning methods, such as
the k-nub algorithm introduced by Chan, Morgan and Ugon [18]. However, the k-nub
algorithm is based on counting the number of cliques of certain sizes. This can be
inefficient in large, sparse graphs when compared to taking 𝑘-cores with fast methods
for creating lower bounds for the maximum clique. Additionally, to obtain exact
solutions to the maximum clique problem with less memory usage, the graphs can be
partitioned into connected components according to Remark 2.21.
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3.1.2 Clique heuristics

In this section, we introduce heuristic algorithms for the MCP. First, we consider
a straightforward approach to constructing cliques in graphs through the Definition
2.14. The construction is done by finding a starting vertex and then selecting new
vertices to the clique with the requirement that any added vertex must be joined by an
edge to all of the previously selected vertices. This selection process of the starting
vertex, or seed vertex, and the subsequent vertices is proposed as Algorithm 1. In this
case, the selection uses centrality such that the vertex with highest centrality is chosen
as the seed vertex and the rest of the vertices are considered as possible additions to
the clique in the order of the centrality values.

Algorithm 1: Centrality-order clique heuristic
Input: graph 𝐺, centrality method 𝐶𝑀

1 Calculate centrality values of vertices in 𝐺 with 𝐶𝑀
2 Sort vertices of 𝐺 by their centrality in decreasing order, save the list to 𝐿0
3 Pick vertex with largest centrality as the seed 𝑠
4 Initialise 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒 = {𝑠}
5 Filter 𝐿0 such that only nodes in 𝑙𝐺 (𝑣) are included, save filtered list to 𝐿
6 for 𝑣 ∈ 𝐿 do
7 if 𝑣 is adjacent with all vertices in 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒 then
8 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒 = 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒 ∪ {𝑣}

9 Return 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒

Algorithm 1 runs a check for all neighbours of the vertex with the highest centrality.
An alternative algorithm is formulated by calculating vertex centralities in the induced
subgraph of some seed vertex 𝑠 and the neighbourhood of the seed vertex. This
approach is proposed since the centrality values calculated for all of the vertices in
a graph has information from vertices which can not be included in the formulated
clique after deciding on a seed vertex. After pruning vertices from consideration, a
procedure similar to 1 is performed, giving us Algorithm 2.

Theorem 3.2. Algorithms 1 and 2 produce a maximal clique of𝐺 (𝑉, 𝐸) in O(O(𝐶𝑀)+
|𝑉 | log |𝑉 | + |𝑉 |Δ(𝐺) + Δ(𝐺)3) and O(O(𝐶𝑀 (𝐺)) + |𝑉 | + Δ(𝐺)3) time, respectively,
where O(𝐶𝑀) is the time complexity of the centrality method 𝐶𝑀 and Δ(𝐺) is the
maximum vertex degree of graph 𝐺. The produced clique is a lower bound for the
maximum clique.

Proof. The part of producing a valid clique is straightforward, as vertices can only be
accepted if adding the vertex fulfils the clique definition. As each vertex is considered
as a possible addition to the clique, the found clique is also maximal. Since this is a
valid clique, it is always at most equal in size to the maximum clique by Definition
2.14 which makes it a lower bound for the maximum clique.

21



Algorithm 2: Subgraph centrality-order clique heuristic
Input: graph 𝐺, centrality method 𝐶𝑀

1 Calculate centrality values of vertices in 𝐺 with 𝐶𝑀
2 Find and pick vertex with largest centrality as the seed 𝑠
3 Initialise 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒 = {𝑠}
4 Formulate the induced subgraph 𝐺 [𝑙𝐺 (𝑠) ∪ {𝑠}] and save to 𝑆𝐺
5 Calculate centrality values of vertices in 𝑆𝐺 with 𝐶𝑀
6 Sort vertices of 𝑆𝐺 by their centrality in decreasing order, save the list as 𝐿
7 for 𝑣 ∈ 𝐿\{𝑠} do
8 if 𝑣 is adjacent with all vertices in 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒 then
9 Add 𝑣 to 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒

10 Return 𝑐𝑢𝑟𝑟𝐶𝑙𝑖𝑞𝑢𝑒

For time complexity of Algorithm 1, the centrality calculation and sorting the
vertices based on centrality values on lines 1 and 2 are calculated in O(𝐶𝑀)+ |𝑉 | log |𝑉 |
time. Lines 3 and 4 are trivial operations after sorting, and line 5 requires |𝑉 | linear
searches from a set of Δ(𝐺) elements in the worst case scenario. For the clique
formulation, each neighbouring vertex is processed once, leading to Δ(𝐺) iterations
of the for-loop in lines 6-8. On line 7, each vertex is linearly searched from at most
Δ(𝐺) lists which each have at most Δ(𝐺) elements each. This leads to the total time
complexity of O(O(𝐶𝑀) + |𝑉 | log |𝑉 | + |𝑉 |Δ(𝐺) + Δ(𝐺)3) in the worst case.

Algorithm 2 does not require sorting after the initial calculation of centrality and
thus finding the vertex with the largest centrality only requires O(|𝑉 |) time. Building
the subgraph on line 4 requires O(Δ(𝐺)3) time. The subgraph has up to Δ(𝐺) vertices
for which the new adjacency lists have to be formulated. The formulation of each
adjacency list requires that up to Δ(𝐺) nodes are linearly searched from the original
adjacency list which has up to Δ(𝐺) elements. In the context of this thesis, the
calculation of centrality values for the subgraph on line 5 is bounded from above by the
time complexity of the calculation of centrality values for the original graph, and the
sorting of the vertices on line 6 takes Δ(𝐺) logΔ(𝐺) time. The rest of the algorithm
is equivalent to lines 6-8 of Algorithm 1. This leads to the total time complexity of
O(2O(𝐶𝑀) + |𝑉 | + Δ(𝐺) logΔ(𝐺) + 2Δ(𝐺)3) which is simplified to time complexity
of O(O(𝐶𝑀) + |𝑉 | + Δ(𝐺)3). □

3.2 Vertex covers
In the process of identifying vital proteins, formulating a vertex cover of a PPIN
provides a way to identify which proteins collectively account for all protein interactions
in the organism [11, 34]. This means that for each interaction, at least one of the
proteins in the set of vital proteins must be included in the interaction. This differs
from the question we have for cliques where the goal is to find protein modules. Thus,
vertex covers in the context of PPINs are a more conservative method of finding vital
proteins, since a vertex cover typically consists of a significantly larger set of proteins.
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3.2.1 MVCP ILP formulation simplifications

In this section, we discuss possible simplifications to the ILP formulations for the
MVCP. Similarly to the MCP, which can be reduced in the optimisation problem size
by pruning via 𝑘-cores, the MVCP has some approaches that quantify which vertices
must be included in the minimum vertex cover. However, the reduction in the size of
the ILP formulation is much smaller than with cliques. This can be seen, for example,
in the MVCP ILP formulation for a graph 𝐺 = (𝑉, 𝐸) that only has |𝐸 | constraints.
Additionally, vertex covers in scale-free networks often have properties where the
minimum vertex covers include most of the vertices [10]. Thus, a large number of
vertices and edges can be included in the optimal solution to the MVCP. However, it
should be noted that metrics like low graph density do not universally correlate with
a large minimum vertex cover size, although the two metrics are more correlated in
scale-free networks. For example, a star graph of 𝑛 > 3 vertices can be considered
sparse, while the vertex cover size is always 1.

One straightforward method of pruning is to identify all vertices with degree 0 or 1.
Vertices of degree 0, called isolated vertices, are removed from consideration as they
are not required to be in the vertex cover by Definition 2.12. For the consideration of
vertices of degree 1, called leaf vertices, the vertex adjacent to the leaf vertex is always
chosen for the minimum vertex cover unless the leaf vertex itself was already selected
before. However, this method can be inefficient for graphs with power-law degree
distributions, as a notable number of vertices often have at least two neighbours. A
more significant alteration in the approach can be made by considering the problem of
finding a maximum independent set based on the following theorem.

Theorem 3.3. For a graph 𝐺 (𝑉, 𝐸), a subset of vertices 𝑆 ⊂ 𝑉 is a vertex cover if and
only if the subset 𝑉\𝑆 is an independent set.

Proof. For the proof we first consider the fact that the sets 𝑆 and 𝑉\𝑆 are by definition
disjoint. This means there exists no element 𝑣 ∈ 𝑉 which would be included in both
of the sets 𝑆 and 𝑉\𝑆. Additionally, we have 𝑆 ∪ (𝑉\𝑆) = 𝑉 .

⇐: Let 𝐺 (𝑉, 𝐸) be an arbitrary graph. Let 𝑆 ⊂ 𝑉 be an independent set of the
graph 𝐺. By Definition 2.11, for any edge in the graph 𝑢𝑣 ∈ 𝐸 , at most one of the
cases 𝑢 ∈ 𝑆 or 𝑣 ∈ 𝑆 holds. This implies that for every edge 𝑢𝑣 ∈ 𝐸 at least one
endpoint is in the set 𝑉\𝑆 which is by Definition 2.12 a vertex cover.

⇒: Let 𝐺 (𝑉, 𝐸) be an arbitrary graph. Let 𝑆 ⊂ 𝑉 be a vertex cover and assume
that the set 𝑉\𝑆 is not an independent set. Then by Definition 2.11 there exists an edge
𝑢𝑣 ∈ 𝐸 for which 𝑢 ∈ 𝑉\𝑆 and 𝑣 ∈ 𝑉\𝑆. However, this implies that we must have
𝑢, 𝑣 ∉ 𝑆 which is a contradiction to the assumption that 𝑆 is a vertex cover, proving
the claim. □

The transformation between MISP and MVCP visualised in Figure 8 is notable, but
the ILP formulations for both problems are similar. Thus, Theorem 3.3 does not offer
significant improvements to the size of the ILP formulation. However, this connection
is still utilised in the MVCP heuristics.
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Figure 8: Visualisation of the connection between vertex covers and independent
sets described in Theorem 3.3 on an example graph. The left graph represents the
maximum independent set with the green vertices while the right graph represents
the minimum vertex cover with the blue vertices. The grey vertices represent the
complement for each of the previously mentioned sets.

3.2.2 Vertex cover heuristics

In this section, we introduce heuristic algorithms for the MVCP. As vertex covers
require each edge to be covered by one of the endpoint vertices, finding heuristic
approaches for valid vertex covers have a few straightforward approaches. One simple
way to find nontrivial vertex covers is through checking all vertices in decreasing order
of centrality and adding each newly covered edge into a list of checked edges. If any
edges are added, the vertex is added to the vertex cover. This approach is modified to
construct Algorithm 3 where the vertices and covered edges are removed when the
vertices are added to the vertex cover, and the graph is reduced to an empty graph over
the algorithm.

Algorithm 3: Centrality-order vertex cover heuristic
Input: graph 𝐺, centrality method 𝐶𝑀

1 Calculate centrality values of vertices in 𝐺 with 𝐶𝑀
2 Sort vertices by their centrality values in decreasing order, save the list as 𝐿
3 Initialise 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟 = {}
4 Initialise 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔𝐸𝑑𝑔𝑒𝑠 = 𝐸 (𝐺)
5 for 𝑣 ∈ 𝐿 do
6 Calculate 𝑟𝑒𝑚𝑜𝑣𝑒𝑑 = 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔𝐸𝑑𝑔𝑒𝑠 ∩ {𝑢𝑣 ∈ 𝐸 (𝐺) | 𝑢 ∈ 𝑙𝐺 (𝑣)}
7 if |𝑟𝑒𝑚𝑜𝑣𝑒𝑑|>0 then
8 Add 𝑣 to 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟
9 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔𝐸𝑑𝑔𝑒𝑠 = 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔𝐸𝑑𝑔𝑒𝑠\𝑟𝑒𝑚𝑜𝑣𝑒𝑑

10 Return 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟
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Alternatively, as each of the edges needs to be covered, a natural idea for an
algorithm would be to go through every edge of the graph and either picking the
vertex with higher centrality or skipping the edge if one of the endpoints of the edge is
already chosen. This procedure is constructed as Algorithm 4.

Algorithm 4: Centrality-based vertex cover heuristic with
edge inspection

Input: graph 𝐺, centrality method 𝐶𝑀
1 Calculate centrality values of vertices in 𝐺 with 𝐶𝑀
2 Save centrality values as a dictionary 𝐶
3 Initialise 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟 = {}
4 for 𝑢𝑣 ∈ 𝐸 do
5 if 𝑢 ∈ 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟 or 𝑣 ∈ 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟 then
6 Continue
7 if 𝐶 (𝑢) > 𝐶 (𝑣) then
8 Add 𝑢 to 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟
9 Continue

10 Add 𝑣 to 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟
11 Return 𝑣𝑒𝑟𝑡𝑒𝑥𝐶𝑜𝑣𝑒𝑟

The procedure for Algorithm 4 could be altered to account for the most central
nodes first. This would require making a centrality based ordering for the edges before
the for-loop. Ordering leads to a longer runtime as calculating the edge weights and
sorting them takes at least additional O(|𝐸 | log |𝐸 |) time for the sorting. For the third
vertex cover algorithm, we consider the idea that vertex covers and independent sets
are connected through Theorem 3.3.

Algorithm 5: Centrality-order vertex cover heuristic using
independent sets

Input: graph 𝐺, centrality method 𝐶𝑀
1 Calculate centrality values of vertices in 𝐺 with 𝐶𝑀
2 Sort vertices by their centrality values in increasing order, save the list as 𝐿
3 Initialise 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡𝑆𝑒𝑡 = {}
4 Initialise 𝑠𝑒𝑡𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 = {}
5 for 𝑣 ∈ 𝐿 do
6 if 𝑣 ∉ 𝑠𝑒𝑡𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 then
7 Add 𝑣 to 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡𝑆𝑒𝑡
8 Add 𝑙𝐺 (𝑣) to 𝑠𝑒𝑡𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦

9 Return 𝑉\𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡𝑆𝑒𝑡
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Unlike the other algorithms, Algorithm 5 prioritises vertices with low centrality.
This comes from the observation that vertices with high centrality tend to belong
to small vertex covers, and thus by Theorem 3.3 vertices with low centrality should
belong to large independent set. Independent sets can be built by considering a
boundary which includes the nodes that are neighbours to at least one of the nodes in
the independent set. The boundary formulation enables the for-loop to only consider
sets of vertices, which can make the algorithm more efficient when compared to the
other algorithms that require looping over lists of edges. It should be noted that there
is additional complexity when taking the set difference to return the vertex cover, but
the additional complexity is also only dependent on the number of vertices.

Theorem 3.4. Algorithms 3, 4 and 5 produce a vertex cover for𝐺 (𝑉, 𝐸) in O(O(𝐶𝑀)+
|𝑉 | log |𝑉 |+|𝑉 | |𝐸 |2), O(O(𝐶𝑀)+|𝑉 | |𝐸 |) andO(O(𝐶𝑀)+|𝑉 |2Δ(𝐺)) time respectively.
The produced vertex cover is an upper bound for the minimum vertex cover.

Proof. Algorithm 3 checks that all edges are added to the set 𝑐ℎ𝑒𝑐𝑘𝑒𝑑𝐸𝑑𝑔𝑒𝑠 and
the only cases where vertices are not added are the cases where all edges have been
checked by some other vertex. Algorithm 4 directly checks all edges and that at least
one end point of each edge is chosen to the vertex cover. Algorithm 5 applies Theorem
3.3 in the return step and thus it is required to consider whether the independent
set produced within the algorithm is valid. In the independent set construction, the
vertices are picked for the set if they are not adjacent to any other picked vertices in
the independent set. This ensures that no two adjacent vertices are picked, and thus the
resulting independent set and the returned vertex cover are valid. For time complexity
consideration, centrality calculation takes O(𝐶𝑀) time and sorting of vertices takes
|𝑉 | log |𝑉 | time in Algorithms 3 and 5.

Algorithm 3 runs the for-loop in lines 5-9 once for each vertex, leading to |𝑉 |
iterations. For each iteration, the edges that need to be removed are identified.
This takes at most Δ(𝐺) lookups from a list of at most |𝐸 | elements on line 6.
Removing the edges takes |𝐸 | linear searches on a list of |𝐸 | elements in the worst
case. Considering this, each for-loop takes at most O(Δ(𝐺) |𝐸 | + |𝐸 |2) time which is
equivalent to O(|𝐸 |2) time since Δ(𝐺) ≤ |𝐸 |. This gives the total time complexity of
O(O(𝐶𝑀) + |𝑉 | log |𝑉 | + |𝑉 | |𝐸 |2).

Algorithm 4 runs the for-loop in lines 4-9 once for each edge, leading to |𝐸 |
iterations. For each iteration, the algorithm performs a linear search of two vertices
from a list of up to |𝑉 | elements. Since each of the remaining operations, including
dictionary lookups, value comparisons and added vertices to the vertex cover, are
performed in constant time, this gives the total time complexity of O(O(𝐶𝑀) + |𝑉 | |𝐸 |).

Algorithm 5 runs the for-loop in lines 5-8 once for each vertex, leading to |𝑉 |
iterations. For each iteration, a linear search is performed on a list of up to |𝑉 | vertices
to check whether the vertex is in the boundary. For each 𝑣 not in the boundary,
up to Δ(𝐺) elements are added to the boundary. After the for-loop, the algorithm
performs a set difference before returning the vertex cover, which takes at most |𝑉 |
linear searches on a list of up to |𝑉 | elements. This gives the total time complexity of
O(O(𝐶𝑀)+|𝑉 | log |𝑉 |+|𝑉 |2Δ(𝐺)+|𝑉 |2) which is simplified toO(O(𝐶𝑀)+|𝑉 |2Δ(𝐺))
time. □
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4 Method benchmarking
In this section, the previously discussed exact methods and heuristic algorithms are
compared on benchmarking graphs for clique and vertex cover problems along with
sets of randomly generated sparse graphs. Two ILP solvers, a commercial solver
Gurobi [30], and an open-source integer-programming solver SCIP [70], are run on
each of the ILPs formulated for the benchmark graphs. For the clique problem ILP
formulations, Algorithm 1 is run with degree centrality to create a fast lower bound
for the maximum clique size. This lower bound is used with Theorem 3.1 to take the
𝑘-core of the original graph, which is done to simplify the ILP formulation. For the
MVCP, the ILP formulations are solved directly for the whole graph.

The heuristic solutions are computed by first calculating the centrality for the
whole graph and then applying Algorithms 1-5. For the sake of consistency, all
centrality values are calculated once for each graph. This ensures that the contribution
of centrality value computation to the runtime is consistent across the different
algorithms. The runtime of the heuristic method is considered to be the combined
runtime of the centrality calculation and the runtime of the algorithm. The whole
outline of the benchmarking process is described in Figure 9.

Graph G

Run MCP ILP for
each connected

component on Gurobi
and SCIP

Calculate (degree)
centrality of vertices

in G and run
algorithm 1

Take k-core based on
the heuristic lower

bound

Run MVCP ILP on
Gurobi and SCIP

Calculate centrality of
vertices in G with...

Degree centrality
Closeness centrality
Betweenness centrality
Eigenvector centrality
PageRank
Coreness centrality

Apply algorithms 1
and 2

Apply algorithms 3-
5

ILP formulations Heuristic methods

Solutions produced by ILP formulations and heuristics are
compared in relative solution size and runtime

Figure 9: Flowchart describing the benchmark procedure for an arbitrary graph 𝐺.
Steps related to cliques are highlighted in red and steps related to vertex covers are
highlighted in blue.
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Table 1: DIMACS benchmarking set on the maximum clique and vertex cover
problems. The 𝜔 column has the expected size of the maximum clique. The 𝑉𝐶
column has the best upper and lower bounds for the vertex cover size found using
Gurobi and SCIP. The values marked with an asterisk means that the maximum clique
or minimum vertex cover size has been proven optimal.

Instance |V| |E| 𝜔(𝐺) VC(G)
Upper-bound Lower-bound

brock200_2 200 9 876 12 *189 –
brock200_4 200 13 089 17 *192 –
brock400_2 400 59 786 29 *392 –
brock400_4 400 59 765 33 *393 –
brock800_2 800 208 166 24 791 752
brock800_4 800 207 643 26 791 752
C125.9 125 6 963 *34 121 –
C250.9 250 27 984 *44 *245 –
C500.9 500 112 332 57 *495 –
C1000.9 1 000 450 079 68 994 979
C2000.5 2 000 999 836 *16 1 987 1 817
C2000.9 2 000 1 799 532 80 1 995 1 952
C4000.5 4 000 4 000 268 *18 3 988 2 000
DSJC500.5 500 125 248 13 488 461
DSJC1000.5 1 000 499 652 15 987 912
gen200_p0.9_44 200 17 910 44 *195 –
gen200_p0.9_55 200 17 910 55 *195 –
gen400_p0.9_55 400 71 820 55 *392 –
gen400_p0.9_65 400 71 820 65 *393 –
gen400_p0.9_75 400 71 820 75 *394 –
hamming8-4 256 20 864 16 *240 –
hamming10-4 1 024 434 176 40 1 004 985
keller4 171 9 435 11 *156 –
keller5 776 225 990 27 745 738
keller6 3 361 4 619 898 59 3 305 –
MANN_a27 378 70 551 126 *375 –
MANN_a45 1 035 533 115 345 *1 032 –
MANN_a81 3 321 5 506 380 *1 100 *3 318 –
p_hat300-1 300 10 933 8 261 256
p_hat300-2 300 21 928 25 *273 –
p_hat300-3 300 33 390 36 *291 –
p_hat700-1 700 60 999 11 635 590
p_hat700-2 700 121 728 44 651 633
p_hat700-3 700 183 010 62 690 669
p_hat1500-1 1 500 284 923 12 1 418 1 268
p_hat1500-2 1 500 568 960 *65 1 439 1 348
p_hat1500-3 1 500 847 244 *94 1 490 1 423
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The set of preconfigured graphs used for the second DIMACS challenge [36] is
intended for initial benchmarking. At 37 graphs (Table 1), the benchmarking set is
relatively small but well-established for the MCP. As this set of graphs is typically
used for the MCP, it does not have established best-known solutions for the MVCP.
However, other researchers have also benchmarked MVCP heuristics on the DIMACS
graphs [51, 62] and thus it was chosen to be used for both optimisation problems. To
ensure reasonable runtimes with the ILP solver procedures and avoid out-of-memory
crashes, a 600-second time limit is imposed on the optimisation step. With these
limitations in mind, random scale-free graphs with a closer nature to the PPINs are
used as an alternative benchmarking option.

For the formulation of random scale-free graphs, similar sparsity and a similar
degree distribution to the studied networks were prioritised as properties for the
benchmark graph formulation. To simulate the graphs, we consider the degree
distributions of the networks which will be considered further in Section 5.1. Here,
a power-law distribution is fitted using the Powerlaw-package for Python [2], which
gives the parameters presented in Table 2.

Table 2: Results of power-law distribution fitting for the degree distributions formed
for the PPINs of the Leishmania species. The formulation of the networks is described
in detail in Section 5.1. |𝑉 | represents the number of proteins within the network, 𝑘𝑚𝑖𝑛
represents the lower bound such that the vertex degrees above the lower bound are
assumed to follow a power-law distribution and 𝛾 describes the exponent of the fitted
distribution proportional to 𝑘−𝛾 where 𝑘 ≥ 𝑘𝑚𝑖𝑛.

Network |𝑉 | 𝑑̄ 𝑘𝑚𝑖𝑛 𝛾

L. amazonensis 229 9.17 6 2.554
L. braziliensis 16451 31.35 13 2.084
L. donovani 51791 67.03 20 1.899
L. infantum 16915 30.81 15 2.156
L. major 8527 21.19 16 2.340
L. mexicana 8254 21.91 8 2.278
L. tropica 424 27.71 8 1.817

Considering the values 𝑘𝑚𝑖𝑛 are relatively small when compared to the average
degree of the corresponding network, the networks seem to have similar properties
to scale-free networks. However, it is noteworthy that a power-law distribution is
not a good fit for any of the networks which is consistent with the studies that PPINs
may not follow a power-law degree distribution [14, 33, 40] even if they have similar
properties [31]. Barabási–Albert models are often used as a graph generator for
scale-free networks [7]. However, in this application the 𝛾 ≈ 3 does not correspond
well with the distribution of the actual graphs as seen in Table 2. A hyperbolic graph
generator within the Python package NetworKit [50] is utilised as it allows arbitrary
average degree and 𝛾 values for 𝛾 > 2. To account for different types of PPINs,
different combinations of values are chosen for the generators by considering

𝑛 ∈ {400, 8000, 25000}, 𝑑̄ ∈ {10, 20, 30, 60}, 𝛾 ∈ {2.05, 2.3, 2.45}
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with all combinations of 𝑛 × 𝑑̄ × 𝛾 being benchmarked with the procedure represented
in Figure 9. A common seed was set for the graph generator to ensure reproducibility
of the random graphs.

4.1 MCP benchmarking summary
This section discusses the main results of benchmarking for the MCP. The results
are summarised in two ways. First, the results are categorised based on the different
solvers used where the compared categories are Gurobi, SCIP and Algorithms 1-5
proposed throughout Section 3. Second, the results are categorised based on the
different methods used by the solvers where the compared categories are Gurobi ILP,
SCIP ILP, and all centrality methods defined in Section 2.3.
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Figure 10: Boxplot summary of MCP benchmarking on DIMACS graphs categorised
based on the solver type between the ILP formulation solvers (Gurobi and SCIP), and
Algorithms 1 and 2. The different sets of solvers are compared according to normalised
relative solution size (left graph) and runtime (right graph). For the solvers, higher
relative solution size and lower runtime are considered to be better.

The results of the MCP solvers on the DIMACS set are presented in Figures
10-12. In the relative solution size, Gurobi performs the best on average, while SCIP
performs slightly worse. The heuristic algorithms generally perform worse than the
ILP formulations in terms of solution size, while they are much faster. However, both
heuristic algorithms exhibit large sets of outliers in the runtime boxplot. This is clearly
caused one of the centrality methods, as can be seen in Figure 12, where betweenness
centrality is much slower than the other methods, reaching runtimes of almost 3 hours
in some cases. The specific reason for this is unknown, but the large scale nature of the
graphs and the requirement of finding all possible shortest paths between all vertices
are likely the reasons to the long runtimes.
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Figure 11: Boxplot of relative solution sizes obtained in MCP benchmarking on
DIMACS graphs. Data is grouped by the method type between the ILP formulation
solvers (Gurobi and SCIP) and the centrality methods. Algorithms 1 and 2 are separated
for each of the centrality methods. For the methods, higher relative solution size is
considered to be better.
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Figure 12: Boxplot of runtimes obtained in MCP benchmarking on DIMACS graphs.
Data is grouped by the method type between the ILP formulation solvers (Gurobi and
SCIP) and the centrality methods. Algorithms 1 and 2 are separated for each of the
centrality methods. For the methods, lower runtime is considered to be better.
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Considering Figures 11 and 12 more generally, Algorithm 1 seems to narrowly
outperform Algorithm 2 since the relative solution size is better for each quartile of the
boxplots. At the same time, the runtimes are on average slightly faster for Algorithm
1. While betweenness centrality is a significant exception in terms of runtime, the
other centrality methods are consistent across both algorithms, producing solutions
of similar size in a similar time. Degree centrality is slightly faster than the other
centrality algorithms.
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Figure 13: Boxplot summary of MCP benchmarking on random scale-free graphs
categorised based on the solver type between the ILP formulation solvers (Gurobi and
SCIP), and Algorithms 1 and 2. The different sets of solvers were compared with
respect to normalised relative solution size (left graph) and runtime (right graph). For
the solvers higher relative solution size and lower runtime are considered to be better.
The ILP solvers consistently find the maximum cliques and consequently the Gurobi
and SCIP boxplots of relative solution size collapse to lines near relative size of 1.

For the benchmarking on random scale-free graphs (Figures 13-15), the ILP
formulations always find the maximum cliques from the graphs. This causes the
boxplots to be portrayed as black lines. Similarly to the DIMACS set, SCIP is on
average slightly slower than Gurobi. The heuristic algorithms perform worse than the
ILP formulations with respect to the relative solution size, although the runtimes are
comparable between the heuristics and the ILP formulations in Figure 13.

When all of the centrality methods are compared in terms of relative solution
size and runtime (Figures 14 and 15), it is clear that betweenness and closeness have
significantly higher runtimes than any of the other methods. This causes the runtime
boxplots to be skewed in Figure 13 while the other centrality methods are on average
faster than the ILP formulations. Algorithm 1 is slightly better when compared to
Algorithm 2 in solution size while being the fastest method out of all considered
approaches, if betweenness and closeness centralities are ignored.
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Figure 14: Boxplot of relative solution sizes obtained in MCP benchmarking on
random scale-free graphs. Data is grouped by the method type between the ILP
formulation solvers (Gurobi and SCIP) and the centrality methods. Algorithms 1 and
2 are separated for each of the centrality methods. For the methods, higher relative
solution size is considered to be better. The ILP solvers consistently find the maximum
cliques and consequently the Gurobi and SCIP boxplots collapse to lines.
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Figure 15: Boxplot of runtimes obtained in MCP benchmarking on random scale-free
graphs. Data is grouped by the method type between the ILP formulation solvers
(Gurobi and SCIP) and the centrality methods. Algorithms 1 and 2 are separated for
each of the centrality methods. For the methods, lower runtime is considered to be
better.
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Figure 16: Boxplot comparison of relative solution size on pruned (left graph) and
full (right graph) ILP formulations. Solving the MCP was done with Gurobi on
instances with different number of vertices which are indicated on 𝑥-axis. Additionally,
an optimisation time limit of 600 seconds is imposed on the solver. The lines around
the solution size value of 1 imply that the solver consistently converges to the optimal
value in the optimisation time limit. The pruned ILP formulation finds the maximum
clique in all instances and the full ILP formulation is unable to find the maximum
cliques on significant amount of instances with graphs that have 6500 or 8000 vertices.
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Figure 17: Boxplot comparison of runtime on pruned (left graph) and full (right
graph) ILP formulations. Solving the MCP was done with Gurobi on instances
with different number of vertices which are indicated on 𝑥-axis. Additionally, an
optimisation time limit of 600 seconds is imposed on the solver. The runtime increases
quickly when the number of vertices in the graphs increases. The time limit is
consistently hit on most instances with graphs that have 6500 or 8000 vertices.
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In general, the more sparse graphs seem to have a lot more approachable structures
for the pruned ILP procedure, and thus it should be noted that ILP solvers rely
on pruning to solve the problems consistently. To highlight this effect, full ILP
formulations were tested on sets of random scale-free graphs which were formulated
with combinations 𝑛× 𝑑̄ × 𝛾 as described before but with different values for 𝑛. During
the investigation, it was observed that any larger graphs, starting from the graphs that
have 6500 vertices, consistently reach the optimisation time limit without converging
(Figures 16 and 17). This is in line with the NP-complete nature of the MCP and
highlights the necessity of pruning.

4.2 MVCP benchmarking summary
This section discusses the main results of benchmarking for the MVCP. The results
of benchmarking on DIMACS graphs are presented in Figures 18-20. The heuristic
algorithms consistently perform faster than ILP formulations even with the outliers in
runtime caused by betweenness and closeness centralities.
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Figure 18: Boxplot summary of MCP benchmarking on DIMACS graphs categorised
based on the solver type between the ILP formulation solvers (Gurobi and SCIP),
and Algorithms 3-5. The different sets of solvers were compared with respect to
normalised relative solution size (left graph) and runtime (right graph). For the solvers
lower relative solution size and lower runtime are considered to be better.

The relative solution sizes of heuristics are slightly worse than those of the best
solutions generated by Gurobi. In a large number of instances, both ILP formulations
exceeded the optimisation time limit, resulting in median times of around 600 seconds
for both ILP solvers. This is also reflected in a notable number of problem instances
not converging to an optimal solution, as presented in Table 1.
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Figure 19: Boxplot of relative solution sizes obtained in MCP benchmarking on
DIMACS graphs. Data is grouped by the method type between the ILP formulation
solvers (Gurobi and SCIP) and the centrality methods. Algorithms 3-5 are separated
for each of the centrality methods. For the methods, lower relative solution size is
considered to be better.
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Figure 20: Boxplot of runtimes obtained in MCP benchmarking on DIMACS graphs.
Data is grouped by the method type between the ILP formulation solvers (Gurobi
and SCIP) and the centrality methods. Algorithms 3-5 are separated for each of the
centrality methods. For the methods, lower runtime is considered to be better.
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The ILP solvers still produce consistently better solutions than the heuristic
algorithms. Among the heuristics, Algorithm 5 clearly outperforms the other heuristics
in both relative solution size and runtime. If the different centrality methods are
compared, it is clear that the algorithms produce very consistent results, as seen
in Figures 19 and 20. This implies that the algorithms are the major contributing
factor to the runtime and vertex cover size in most cases. The first notable outlier
here is betweenness centrality, which is again much slower than the other methods.
The second outlier is the degree centrality utilising Algorithm 5, which seems to be
comparatively much faster than the other algorithms utilising degree centrality.
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Figure 21: Boxplot summary of MCP benchmarking on random scale-free graphs
categorised based on the solver type between the ILP formulation solvers (Gurobi and
SCIP), and Algorithms 3-5. The different sets of solvers were compared with respect
to normalised relative solution size (left graph) and runtime (right graph). For the
solvers lower relative solution size and lower runtime are considered to be better.

Benchmarking results for random scale-free are presented in Figures 21-23. The
results are comparable to the previous results as the ILP formulations find exact
solutions outside of couple outliers for SCIP. Gurobi is able to solve the problems
in around a second while SCIP has longer runtimes while hitting the optimisation
time limit which also causes the outliers in relative solution size. For the heuristics,
Algorithm 3 performs slightly worse on the random graphs when compared to the
DIMACS benchmarking as the median vertex cover relative size is slightly above
1.025, while the median was closer to 1.015 for the DIMACS graphs. A similar effect
is observed for Algorithm 4. Algorithm 5 is again the fastest heuristic and almost as
good considering solution size as the ILP formulations.
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Figure 22: Boxplot of relative solution sizes obtained in MCP benchmarking on
random scale-free graphs. Data is grouped by the method type between the ILP
formulation solvers (Gurobi and SCIP) and the centrality methods. Algorithms 3-5 are
separated for each of the centrality methods. For the methods, lower relative solution
size is considered to be better.
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Figure 23: Boxplot of runtimes obtained in MCP benchmarking on random scale-free
graphs. Data is grouped by the method type between the ILP formulation solvers
(Gurobi and SCIP) and the centrality methods. Algorithms 3-5 are separated for each
of the centrality methods. For the methods, lower runtime is considered to be better.
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SCIP also seems to hit the optimisation time limit in some outlier cases, leading to
some of the vertex covers found by SCIP being notably larger than any other solution.
Considering the runtimes between the methods, it is clear again that closeness and
betweenness centralities cause a significant skew in the runtimes, as the slower half of
the instances have runtimes of at least 100 seconds for the heuristics. Not considering
closeness and betweenness centralities, Algorithms 3 and 4 seem to contribute more to
the runtime when compared to the centrality calculation. On the other hand, Algorithm
5 seems to be faster than the centrality method calculations such that the different
centrality methods significantly affect the runtimes.
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5 Experimental evaluation
This section discusses the formulation and quality of the PPINs, and all the experimental
results from running the chosen solvers and heuristics on the datasets discussed in
Section 5.1. The full procedure for processing the PPINs and running the ILP
formulations and heuristics is represented in Figure 24.

Network G is formulated

Run MCP ILP for each
connected component
on Gurobi and SCIP

Calculate degree
centrality of vertices in
G and run algorithm 1

Take k-core based on
the heuristic lower

bound

Run MVCP ILP
on Gurobi and

SCIP

Calculate centralities of
vertices in G with

Degree centrality
PageRank

Apply algorithm 1 Apply algorithm 5

ILP formulations Heuristic methods

Local alignment process (species against species) is performed
The resulting protein interactions are read as edges for network G

Protein database is read with BLASTp

Protein database (fasta) for species is downloaded from Uniprot

Solutions are recorded and compared against each other in
relative solution size and runtime

Figure 24: Flowchart of the full process for vital protein identification studied,
starting from the FASTA files of species’ proteomes downloaded from UniProt. Steps
related to cliques and vertex covers are highlighted in red and blue, respectively.
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The methods that are studied further are the ILP formulations, as well as Algorithms
1 and 5 paired with degree centrality and PageRank. ILP formulations are chosen
because they are straightforward implementations of exact algorithms that also serve
as a reference for the other methods being compared. Algorithms 1 and 5 performed
consistently the best in benchmarking by producing good heuristic solutions to the
corresponding optimisation problems with lower runtimes. Degree centrality and
PageRank both perform well with the aforementioned algorithms. Coreness and
eigenvector centralities would also be reasonable options, but are omitted here due to
a slightly worse performance during benchmarking.

5.1 PPIN formulation
To build the PPINs as discussed initially in Section 2.1, the protein databases for
specific species of genus Leishmania are downloaded from the UniProt Knowledgebase
(abbreviated often as UniProtKB, abbreviated as UniProt in this thesis) [24] which
hosts a manually reviewed protein set of over 570 000 proteins called Swiss-Prot and
a larger unreviewed protein set of over 200 billion proteins called TrEMBL. The
studied databases were downloaded on July 16, 2025, for the L. species amazonensis,
tropica, infantum, and donovani, and on September 24, 2025, for the remaining
species. For initial consideration and studying of the protein interactions of the species,
basic local alignment search tools (BLAST) [3] will be used to find connections
between proteins. For example, possible tools for this kind of alignment procedure
include traditional protein-protein BLAST programs such as BLASTp and newer
clustering-based programs such as DIAMOND [16].

In the context of this thesis, BLASTp is applied to FASTA files, which are
text-based amino acid sequences that in this case represent the full set of proteins
expressed by an organism, also called proteomes [49]. These protein sequences are
first entered into a database, after which the file is run against the same database to find
regions of local similarity between protein sequences, which are used to identify pairs
of proteins that statistically could have a significant chance of interacting with one
another. This process records the values of 12 fields described in Table 3. Among these
fields, sequence identity, length, mismatches, gap openings, e-value, and bit score are
considered important values for assessing the significance of protein similarity.

After running BLASTp, a list of protein-protein pairs is generated. The proteins
of the species are used as the vertices, and the pairs are used to form edges between
the corresponding vertices. The resulting networks (Table 4) are all relatively sparse,
although L. amazonensis and L. tropica are smaller and slightly more dense than the
networks for the other species. It is noteworthy that the entire network generation
procedure for the larger files can take multiple days, even on high-performance
computers. The most significant factor contributing to the long runtime of the whole
process is aligning the FASTA file. For example, the alignment process for L. donovani
took around 32 hours on the setup, which is used for all of the calculations in this
thesis. More efficient alignment programs, such as DIAMOND, are often considered
good alternatives, as they can speed up the process by orders of magnitude [15, 16].
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Table 3: BLAST tabular format, which is given by default as the output of BLASTp,
and explanations of the format parameters. Explanations are initially augmented from
[9] with additional details from [26].

Field Explanation
Query accession ID of the protein used as the search query to the database.
Target accession ID of the protein the query was aligned against.

Sequence identity The percentage of identical amino acid residues between
the query and the target proteins.

Length
The length of the local alignment, or overlapping sequence.
This includes matching, mismatching and gap positions
between the query and the target.

Mismatches The number of non-identical amino acid residues aligned.
These can be interpreted for example as point mutations.

Gap openings The number of gap openings. This can be interpreted as
insertion or deletion mutations.

Query start The first index of the alignment in the query.
Query end The last index of the alignment in the query.
Target start The first index of the alignment in the target.
Target end The last index of the alignment in the target.

e-value
Represents the number of alignments of similar or better
quality that could be found randomly. A lower e-value
implies a more significant alignment.

Bit score Represents the overall quality of the alignment. A higher bit
score corresponds to higher similarity between sequences.

Table 4: Data of the networks formulated for the Leishmania species through the
generation procedure described in Figure 24. |𝑉 | and |𝐸 | correspond to the number of
vertices and edge respectively, 𝜌 is the density of the network and 𝑑̄ is the average
vertex degree of the network.

Network |𝑉 | |𝐸 | 𝜌 𝑑̄ Max degree
L. amazonensis 229 1050 0.040221 9.17 32
L. braziliensis 16451 257912 0.001906 31.35 467
L. donovani 51791 1735808 0.001294 67.03 1259
L. infantum 16915 260566 0.001822 30.81 472
L. major 8527 90357 0.002486 21.19 260
L. mexicana 8254 90436 0.002655 21.91 281
L. tropica 424 5875 0.065514 27.71 98
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5.1.1 Analysis of PPIN quality

As the researched networks are built directly from the output received from the BLAST
software, the quality of the data should be examined. The initial quality is assessed
by considering two values of the output format described in Table 3: e-values and
bit scores. Both values quantify the statistical significance of the similarity between
proteins in the protein pairs identified by BLAST. Additionally, this directly quantifies
the quality of the PPINs examined as these protein pairs are used as the edges of the
networks.

The e-value, or expect value, estimates the number of matches with a score equal
to or better than the observed alignment that would be expected to occur by chance in
an equivalently sized database search [48]. In this thesis, the proteomes of the species
are used as the search databases and a level of 0.05 for e-values is often considered
the default significance threshold level used in programs for protein interactions. A
threshold of 10−5 is sometimes also used to identify homologous hits, indicating
significant similarity between proteins [21].
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Figure 25: Distribution of log base 10 values of e-values of protein pairs for species
L. braziliensis (on left) and L. donovani (on right). On the log-scaled x-axis, -2 is the
limit for significance, and -5 is considered an indicator of an almost certain significant
hit, with anything smaller being more significant.

The distributions of e-values within the protein networks (Figure 25) suggest that
a large number of the found connections have statistical significance. Only a small
portion of below 3% of the protein connections are found above the 10−5 level for
most of the networks. Some networks, namely the smaller ones, have few protein
pairs above 10−5. Thus, the produced networks appear promising, as the reported
significance of many pairs is well below the generally accepted limits. However,
while e-values have the benefit of, for example, having a meaning for extremely small
values when compared to the single-level statistical significance level of p-values [29],
e-values also have issues, especially when it comes to being too conservative and
liberal in different cases [43] when it comes to protein-protein sequence analysis.
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Figure 26: Distribution of bit scores of protein pairs for species L. braziliensis (on
left) and L. donovani (on right). A score of 50 or above is considered to be the reference
level of almost certain significance.

The bit score is an alternative, more standardised method for assessing the signifi-
cance of a score, with 50 considered "almost always significant" for protein-protein
interactions [52], which is similar to 10−5 for e-values. Based on the distributions of bit
scores (Figure 26), a large majority of the predicted connections would be considered
significant. Similarly to the e-value threshold of 10−5, only about 3% of protein pairs
have a bit score below 50. Thus, the networks formulated appear to capture only a
small fraction of the predicted interactions, which are considered less significant,
suggesting a reasonably good model of the real interactions.

The research here focuses on BLASTp because it is a more established and
consistent program. Attempts were made to utilise DIAMOND alongside BLASTp,
but there were some unexplained issues with the networks generated by DIAMOND.
The e-values and bit scores for the DIAMOND pairs were still significant, and
Further research on the faster sequence alignment methods and networks formulated
based on them should be considered in the future. The massive speed-ups in PPIN
formulation would significantly reduce the duration of the entire process of vital
protein identification.

5.2 Effects of pruning on ILP formulations
To begin the consideration of ILP solvers, the efficiency of pruning with 𝑘-cores is
considered. The formulated networks for the species PPINs are analysed to identify
the shell indices of the vertices. From this, all 𝑘-cores are easily formulated. For all the
different 𝑘-cores, an MCP ILP is formulated and solved. The results for L. mexicana
are presented in Figure 27 and the results for L. donovani are presented in Figures 28
and 29. The remaining results are attached to the appendix as Figures A1-A5, as they
are similar to those observed for L. mexicana. For the MCP ILP formulations, the
pruning strategy seems effective, provided the pruned network is not too large to solve.
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Figure 27: Results of pruning with 𝑘-cores on the PPIN of L. braziliensis. The
maximum nonempty 𝑘-core in the network is the 291-core. The ILP solver procedure
proposed in Figure 24 running Algorithm 1 and degree centrality finds a clique of size
243 as a lower bound for the MCP. 𝑘 = 242 is denoted by the red vertical dashed line,
which corresponds to the 𝑘-core on which the ILP formulation is run in the actual
procedure outlined in Figure 24. ILP formulations run out of memory for 𝑘 ≤ 11, as
indicated by the black dashed line.

In sufficiently easy cases, the 𝑘 values corresponding to the 𝑘-cores seem to follow
an inverse exponential relation when compared to ILP solution runtime and the size of
the ILP formulation. Effectively, the pruning strategy turns the MCP on a large sparse
network to a MCP on a smaller network with higher density. In the example described
in Figure 27, network size is reduced by 98% during pruning when compared to the
original network size. The constraint count is reduced by around 99.995% compared
to the original network, and the Gurobi ILP runtime to convergence is around 10 000
times faster than on the 12-core. The ILP formulation could not be formulated for the
𝑘-cores with 𝑘 ≤ 11 due to memory constraints.
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Figure 28: Effects of pruning with 𝑘-cores on the PPIN of L. donovani. The maximum
nonempty 𝑘-core in the network is the 465-core. The ILP solver procedure proposed
in Figure 24 runs Algorithm 1 and degree centrality, finding a clique of size 207 as a
lower bound for the MCP. 𝑘 = 206 is denoted by the red vertical dashed line, which
corresponds to the 𝑘-core on which the ILP formulation is run in the actual procedure
outlined in Figure 24.
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Figure 29: Gurobi clique ILP formulation runtimes until convergence for 𝑘-cores
with 𝑘 ∈ [100, 350] for the PPIN of L. donovani. The ILP solver procedure proposed
in Figure 24 runs Algorithm 1 and degree centrality, finding a clique of size 207 as a
lower bound for the MCP. 𝑘 = 206 is denoted by the red vertical dashed line, which
corresponds to the 𝑘-core on which the ILP formulation is run in the actual procedure.
Other 𝑘-core values are omitted due to the long runtimes.

The NP-completeness of the problem arises because the pruned network remains
relatively hard to solve in the context of the MCP. This can be seen from the results
of running Gurobi ILP formulation on the network of L. donovani (Figures 28 and
29). Even if the ILP formulation routine would not converge within the optimisation
time limit, there is still a major improvement in the problem, given the reduction
in memory usage. This often allows solvers to at least attempt solving the problem
until the timeout limit, rather than running out of memory during the formulation of
the optimisation problem or the ILP-solving process itself. This is evident from the
constraint count still being reduced by around 99.9% and the variable count being
reduced by around 95% compared to the original network. It should be noted that L.
donovani seems to exhibit different characteristics compared to the other PPINs.
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For example, network density increases only to 0.6 in 𝑘-cores with large 𝑘 values,
whereas the 𝑘-cores in the other graphs can reach density levels close to 1. Additionally,
as observed in Figure 29, something happens around 𝑘 = 323, where the MCP ILP
formulation becomes harder to solve, leading to a sudden increase in runtime. When
this effect is investigated further, it becomes evident that the entire network’s maximum
clique is removed because some of its vertices have a shell index of only 323. As some
of the vertices of the maximum clique are removed, this also changes the maximum
clique in the 𝑘-core when 𝑘 ≥ 323. This issue is never encountered with the proposed
pruning strategy due to Theorems 3.1 and 3.2, which guarantee that the maximum
clique of the original network is contained within the pruned network. On the other
hand, this effect also highlights the importance of not just taking the largest nonempty
𝑘-cores, as they may remove important information from the network.

Vertex cover ILP formulations for sparse networks require less memory to define
since there are only |𝐸 (𝐺) | constraints. Finding exact optima of an optimisation
problem with |𝑉 (𝐺) | decision variables with respect to these constraints is still
computationally intense in the scale of the networks discussed before, as there are no
similar tricks to reduce the solution space, and most vertices are chosen for the vertex
cover. For example, applying the strategy of automatically adding all neighbours of
leaf vertices to a vertex cover only reduced the variable count of the ILP formulation
by at most 1% for L. amazonensis, while the other networks had their variable count
reduced by only around 0.1%. Similarly, only around 2% of the constraints were
removed in most cases, while in one case the constraint count was reduced by only
0.2%. In the context of NP-complete problems, such changes do not significantly
affect runtime or memory requirements for ILP formulations.
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5.3 ILP and heuristic performance on PPINs
The results of running the procedures described in Figure 24 are presented in Tables 5
and 6 for the MCP and MVCP, respectively.

Table 5: Results of running procedures for the MCP pruned ILP formulations and
Algorithm 1 paired with degree centrality and PageRank. Relative size is calculated
based on the largest clique found by the methods. Methods that have not converged by
the optimisation time limit are denoted with an asterisk next to the runtime. The best
solution sizes and runtimes for each network are bolded.

Network Solver Method Clique size Relative size Runtime (s)

L. amazonensis Gurobi Pruned ILP 13 1 0.0060
L. amazonensis SCIP Pruned ILP 13 1 0.0136
L. amazonensis Alg 1 Degree 13 1 0.0015
L. amazonensis Alg 1 PageRank 3 0.2308 0.0042

L. braziliensis Gurobi Pruned ILP 250 1 2.4202
L. braziliensis SCIP Pruned ILP 250 1 2.9664
L. braziliensis Alg 1 Degree 243 0.972 0.0933
L. braziliensis Alg 1 PageRank 19 0.076 1.2048

L. donovani Gurobi Pruned ILP 320 1 173.0183
L. donovani SCIP Pruned ILP 202 0.6313 *1091.8912
L. donovani Alg 1 Degree 207 0.6469 0.6269
L. donovani Alg 1 PageRank 39 0.1219 4.2676

L. infantum Gurobi Pruned ILP 259 1 2.1148
L. infantum SCIP Pruned ILP 259 1 2.6443
L. infantum Alg 1 Degree 251 0.9691 0.0552
L. infantum Alg 1 PageRank 15 0.0579 0.5843

L. major Gurobi Pruned ILP 136 1 0.5998
L. major SCIP Pruned ILP 136 1 0.7982
L. major Alg 1 Degree 133 0.9779 0.0216
L. major Alg 1 PageRank 10 0.0735 0.1976

L. mexicana Gurobi Pruned ILP 159 1 0.9497
L. mexicana SCIP Pruned ILP 159 1 0.8972
L. mexicana Alg 1 Degree 153 0.9623 0.0245
L. mexicana Alg 1 PageRank 13 0.0818 0.2073

L. tropica Gurobi Pruned ILP 73 1 0.0364
L. tropica SCIP Pruned ILP 73 1 0.0410
L. tropica Alg 1 Degree 73 1 0.0015
L. tropica Alg 1 PageRank 14 0.1918 0.0157
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Table 6: Results of running procedures for the MVCP ILP formulations and Algorithm
5 paired with degree centrality and PageRank. Relative size is calculated based on
the smallest vertex cover found by the methods. Methods that have not converged by
the optimisation time limit are denoted with an asterisk next to the runtime. These
solutions are not guaranteed to be the minimal vertex covers, as most ILP formulations
do not converge within the optimisation time limit. Best solution sizes and runtimes
for each network are bolded.

Network Solver Method Vertex cover size Relative size Runtime (s)

L. amazonensis Gurobi ILP 152 1 0.3630
L. amazonensis SCIP ILP 152 1 2.5414
L. amazonensis Alg 5 Degree 158 1.0395 0.0006
L. amazonensis Alg 5 PageRank 158 1.0395 0.0030

L. braziliensis Gurobi ILP 12893 1 *603.6138
L. braziliensis SCIP ILP 16451 1.2760 *861.7983
L. braziliensis Alg 5 Degree 13094 1.0156 0.0454
L. braziliensis Alg 5 PageRank 13093 1.0156 0.9631

L. donovani Gurobi ILP 45703 1 *629.5616
L. donovani SCIP ILP 46579 1.0192 *632.2983
L. donovani Alg 5 Degree 45823 1.0026 0.2019
L. donovani Alg 5 PageRank 45821 1.0026 4.0612

L. infantum Gurobi ILP 13423 1 *604.8621
L. infantum SCIP ILP 16915 1.2602 *1458.1406
L. infantum Alg 5 Degree 13605 1.0136 0.0446
L. infantum Alg 5 PageRank 13604 1.0135 0.5705

L. major Gurobi ILP 5825 1 *602.1841
L. major SCIP ILP 5960 1.0232 *601.1626
L. major Alg 5 Degree 6018 1.0331 0.0176
L. major Alg 5 PageRank 5998 1.0297 0.2354

L. mexicana Gurobi ILP 5610 1 *601.5832
L. mexicana SCIP ILP 5742 1.0235 *602.0649
L. mexicana Alg 5 Degree 5812 1.0360 0.0174
L. mexicana Alg 5 PageRank 5795 1.0330 0.2430

L. tropica Gurobi ILP 352 1 0.0956
L. tropica SCIP ILP 352 1 0.2742
L. tropica Alg 5 Degree 354 1.0057 0.0007
L. tropica Alg 5 PageRank 354 1.0057 0.0130
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Generally, the results seem to align with the benchmarking results. The heuristics
are faster but result in smaller cliques or larger vertex covers than the ILP formulations.
Among the ILP solvers, Gurobi is generally faster and produces higher-quality results
than SCIP. Notable deviation from the benchmark is the performance of PageRank
with the MCP heuristic. While the benchmarking suggested that both degree centrality
and PageRank could produce good results when paired with Algorithm 1, PageRank
performs rather poorly on actual PPINs. For the MCP, the ILP solvers are relatively
fast in most cases, mainly due to the pruning strategy utilising degree centrality, which
is in line with the results presented in Section 5.2. The size of the network L. donovani
still proves to be a more difficult task in general, since the ILP solvers take significantly
longer to converge. SCIP reaches the 600-second optimisation runtime limit while
producing a slightly smaller clique than Algorithm 1 paired with degree centrality.
However, the clique size of the heuristic is only around 65% of the network’s maximum
clique size, as found by the Gurobi ILP solver. In the small and more dense networks
for species L. amazonensis and L. tropica, Algorithm 1 with degree centrality also
finds a maximum clique in the graph.
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Figure 30: Clique sizes found from the network of L. braziliensis when all possible
vertices are used as seeds for Algorithm 1 when utilising degree centrality (left graph)
and PageRank (right graph). The size of the maximum clique within the network is
250. Degree centrality of the seed vertex is observed to correlate with the found clique
size well. The seeds with PageRank values around 0.5 produce the largest cliques
while the seed nodes with highest centrality values inconsistently find either small or
large cliques.

Considering the results of the clique heuristics on the PPINs, the algorithm is
sensitive to the starting seed. For demonstration purposes, all possible vertices were
considered as seed vertices for the networks in Table 4 with the results plotted for
combinations of Algorithm 1 with the chosen centrality methods. Figures 30 and 31
correspond to L. braziliensis and L. donovani, while the other results are more similar
to those achieved for L. braziliensis are attached in the appendix as Figures B1-B5.

50



0.0 0.2 0.4 0.6 0.8 1.0
Centrality (degree)

0

50

100

150

200

250

300

Fo
un

d 
cl

iq
ue

 s
iz

e

0.0 0.2 0.4 0.6 0.8 1.0
Centrality (pagerank)

0

50

100

150

200

250

300

Fo
un

d 
cl

iq
ue

 s
iz

e

Figure 31: Clique sizes found from the network of L. donovani when all possible
vertices are used as seeds for Algorithm 1 when utilising degree centrality (left graph)
and PageRank (right graph). The size of the maximum clique within the network is
320. Degree centrality of the seed node still correlates with the found clique size
but the vertices with highest centrality only find cliques around the size of 207. The
seeds with different PageRank values produce inconsistent clique sizes similarly to L.
braziliensis presented in Figure 30.

In general, the degree centrality of the seed vertex shows a clear positive correlation
with the found clique size. For L. donovani, the clique sizes achieved with different seed
vertices utilising degree centrality highlight the difference between L. donovani and the
other networks, as the vertices with the highest centrality values only produce cliques
of around size 200. In contrast, some vertices with lower degree centrality around 0.4
as seed nodes produce notably larger cliques. A similar effect is not observed in the
other networks while utilising degree centrality. The algorithm utilising PageRank
values for order produces a lot more inconsistent results. Even if there is a positive
correlation between the PageRank value of the seed vertex and the found clique size,
it does not consistently produce large cliques with the highest-valued seed vertices.
The largest cliques are found by a few seed vertices in the region between 0.2 and 0.6
of the normalised centrality values for all of the studied networks.

For the MVCP, the ILP formulations only converge for the PPINs of L. amazo-
nensis and L. tropica. In other cases, the optimisation time limit is reached without
convergence. At the time limit, Gurobi finds the smallest vertex cover among the
methods for all of the considered networks, but these are only the best upper bounds for
the minimum vertex covers. PageRank and degree centrality both perform well in the
MVCP heuristic for the networks, and Algorithm 5 seems to produce slightly smaller
vertex covers with PageRank than with degree centrality. Both methods produce vertex
covers that are around 1% − 4% larger than the best upper bounds found by Gurobi.

The heuristics take a fraction of the time it takes the ILP solvers to converge. For
the PPINs of L. infantum and L. donovani SCIP was unable to find better vertex covers
within the optimisation time limit when compared to the vertex covers produced by the
heuristics. Since Gurobi outperforms the other MVCP methods, the solver convergence
is analysed for cases where Gurobi is unable to reach convergence in the optimisation
time limit. The evolution of the solution bounds for L. donovani and L. braziliensis

51



� ��� ��� ��� ��� ��� 	��
���$� � #�"�����!�

�����

��	��

��
��

�����

�����

�����

��	��

��
��

��
&�

�
��!��$� ���%� ���#��
�
��!��$� �#��� ���#������!"�!��#"����
�����������# �!"������!�&�
��������� #�"���

� ��� ��� ��� ��� ��� 	��
���$� � #�"�����!�

�����

�����

�����

�����

�	���

�
���

��
&�

�
��!��$� ���%� ���#��
�
��!��$� �#��� ���#������!"�!��#"����
�����������# �!"������!�&�
��������� #�"���

Figure 32: Progression of the upper and lower bounds obtained by the Gurobi ILP
solver when applied to the MVCP on the L. braziliensis (left graph) and L. donovani
(right graph) networks. The time taken to find the heuristic solution utilising PageRank,
listed in Table 6, is denoted by the red vertical dashed line, and the black horizontal
dashed line corresponds to the found vertex cover size.

are presented in Figure 32 and the other results, which are similar to the displayed
networks, are attached in the appendix as Figures C1-C3. The convergence plots show
that the ILP solvers consistently take significantly more time to find solution candidates
of a similar size to the heuristic solutions. However, with the set optimisation time
limit, it is difficult to estimate how far from convergence the ILP methods are at this
limit, since the optimality gaps can be as large as 4%, as seen in the convergence plot
for L. donovani.
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6 Conclusion
PPINs provide a valuable tool for studying and identifying vital proteins in organisms.
However, identifying the most vital proteins is not straightforward and, with our
approach, is connected to computationally hardproblems: the maximum clique problem
and the minimum vertex cover problem. Given the large PPINs and their biological
significance, there is a need for robust procedures to identify the most important
vertices of a network. Centrality methods are a viable basis for identifying important
vertices in networks, and our work also shows that they are viable for constructing
heuristic algorithms for the more complex problems. To compare performance,
ILP formulations were constructed using Gurobi and SCIP as straightforward exact
solution methods. These approaches are first benchmarked, after which appropriately
performing methods are run on real PPINs.

Degree centrality andPageRankwere consideredduring the experimental evaluation
as the basis for the heuristic algorithms. Degree centrality performed well in all of
the heuristic algorithms, while PageRank performed well in the vertex cover heuristic
but poorly in the clique heuristic for the PPINs. The other centrality methods, which
did not have long runtimes, namely eigenvector and coreness centralities, were also
considered as options. However, the analysis of their performance on PPINs is currently
inconclusive. Based on initial testing on the PPINs, both eigenvector and coreness
centralities perform similarly to degree centrality in terms of the clique and vertex
cover sizes found. However, betweenness and coreness centralities were slower than
degree centrality or PageRank.

6.1 Possible improvements on heuristics
As discussed in Sections 4.1 and 5.3, seed selection significantly affects the performance
of the clique heuristics. Thus, some methods for selecting multiple seeds were
considered. The first method utilises approaches similar to those used to calculate the
ℎ-index [19] for graphs, but generalised to arbitrary centrality methods. The second
method utilises random selection of seed nodes, where the probability of a seed being
chosen is proportional to its centrality value. Some pre-emptive runs of these methods
were performed, which showed improvements in solution quality without significantly
increasing the algorithm’s runtime. These runs were left out of the scope of this thesis.

The idea of removing vertices from consideration through 𝑘-cores can also be
further extended to create disjoint subsets of vertices, called cuts. If the graph has a
clique of size 𝑘 and a cut on the graph has fewer than 𝑘 − 1 edges between the disjoint
subsets, then the clique of size 𝑘 must be fully contained in one of the subsets. This
method is not considered further in the scope of this thesis.

Alternatively, for the vertex cover heuristics, some algorithms aim to reduce the
size of the vertex cover. An example is the one-k-swap algorithm [42], which has
been studied for the MISP. The goal of the algorithm is to swap one vertex from an
independent set with at least two vertices that are not in the independent set, thereby
increasing the size of the independent set. Due to Theorem 3.3, the algorithm would
be almost directly applicable for the vertex covers. These algorithms can be used even
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for ILP formulations if they fail to converge in the given optimisation time limit. The
effects of the algorithm on the quality of the vertex covers and the heuristic runtimes
have not been investigated.

6.2 Further research
Although the graphs consisted mainly of protein pairs with a high probability of
being significant, a more thorough consideration of the biological reliability of
the alignment process would be warranted. First, this would include considering
the threshold limits for e-values and bit scores of protein pairs, as around 3% of
protein pairs are below the generally accepted threshold for high quality, even if
they are above the level of significance. Since metrics like e-values can be both
conservative and liberal in the detection process, it is important to consider both
stricter thresholds and how to identify potentially significant pairs excluded by the
threshold. False-positive connections within the network are hard to detect with
certainty, as this requires either experiments on individual proteins or the development
of more sophisticated computational methods to make more accurate predictions.
Additionally, the connections predicted by alignment may not directly translate into
significant protein interactions, and their reliability should be examined further.

The sets of proteins found with the methods in Section 5 can also be further studied
by considering what kinds of protein complexes and functionalities the sets of vital
proteins may have. For example, UniProt offers specific keywords for many available
proteins which were briefly analysed with the solutions but results were inconclusive
and out of scope for the main research questions for this thesis.

A more significant goal of this research, which is likely to follow this thesis, is to
modify the process described in Figure 24 to align the proteomes of the Leishmania
species against the human proteome. This would provide a more robust approach to
analysing interactions between humans and parasites, which, in the end, would be a
significant contribution to the research. The main issue with applying the analysis
method to the human protein database is its size. First, BLAST processing of the
whole database takes notably longer than for the Leishmania species. Second, the
resulting network size is unknown, as it depends heavily on the number of interactions
BLAST can find. In worst-case scenarios, the networks can be a lot larger than what
L. donovani is, which makes the ILP formulations even harder to process, even when
pruning strategies are applied. This would necessitate even more heuristic approaches.
At this time, this is only speculative, as it is not entirely clear how the properties
of the human-Leishmania interaction networks would compare to the networks of
the Leishmania species themselves. If comparisons between the species are done,
careful consideration of the network formulation, along with a reconsideration of the
performance of the different heuristics, is warranted.
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A Effects of pruning graphs for MCP ILP
Red dashed lines in the figures correspond to the size of the clique achieved with applying Algorithm 1
with degree centrality ordering. This is effectively the rate of reduction in the final procedure.
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Figure A1: Results for L. amazonensis
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Figure A2: Results for L. braziliensis

� ��� ���
����!�

��
�

��
�

��
�

��
�

�
�� 
$�
��
$!
��
���
��

�!$
�#
��
��
�"
�

� ��� ���
����!�

���

���

��	

���

��


���

�
!�
��
��
��
"�
#&

� ��� ���
����!�

��
�

��
	

��
��
%�
!��
��
��
��
$�
#

� ��� ���
����!�

��
�

��
	

��



��
�

��
�

��



��
��
��
�"
#!�

��
#��
�$
�#

Figure A3: Results for L. infantum
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Figure A4: Results for L. major
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Figure A5: Results for L. tropica
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B Results of running clique heuristic on PPINs
with different seed vertices
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Figure B1: Clique sizes achieved for the graph of L. amazonensis. Maximum clique
size in the graph is 13.
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Figure B2: Clique sizes achieved for the graph of L. infantum. Maximum clique size
in the graph is 259.

63



0.0 0.2 0.4 0.6 0.8 1.0
Centrality (degree)

0

20

40

60

80

100

120

140

Fo
un

d 
cl

iq
ue

 s
iz

e

0.0 0.2 0.4 0.6 0.8 1.0
Centrality (pagerank)

0

20

40

60

80

100

120

Fo
un

d 
cl

iq
ue

 s
iz

e

Figure B3: Clique sizes achieved for the graph of L. major. Maximum clique size in
the graph is 136.
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Figure B4: Clique sizes achieved for the graph of L. mexicana. Maximum clique
size in the graph is 159.
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Figure B5: Clique sizes achieved for the graph of L. tropica. Maximum clique size
in the graph is 73.
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C Convergence plots for non-convergent MVCP
ILP procedures
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Figure C1: Convergence of Gurobi MVCP ILP for L. infantum
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Figure C2: Convergence of Gurobi
MVCP ILP for L. major
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Figure C3: Convergence of Gurobi
MVCP ILP for L. mexicana
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