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Abstract

We propose the novel p-branch-and-bound method for solving two-stage stochastic programming problems
whose deterministic equivalents are represented by non-convex mixed-integer quadratically constrained
quadratic programming (MIQCQP) models. The precision of the solution generated by the p-branch-and-
bound method can be arbitrarily adjusted by altering the value of the precision factor p. The proposed
method combines two key techniques. The first one, named p-Lagrangian decomposition, generates a
mixed-integer relaxation of a dual problem with a separable structure for a primal non-convex MIQCQP
problem. The second one is a version of the classical dual decomposition approach that is applied to solve
the Lagrangian dual problem and ensures that integrality and non-anticipativity conditions are met once the
optimal solution is obtained. This paper also presents a comparative analysis of the p-branch-and-bound
method efficiency considering two alternative solution methods for the dual problems as a subroutine. These
are the proximal bundle method and Frank–Wolfe progressive hedging. The latter algorithm relies on the
interpolation of linearisation steps similar to those taken in the Frank–Wolfe method as an inner loop in
the classic progressive hedging. The p-branch-and-bound method’s efficiency was tested on randomly
generated instances and demonstrated superior performance over commercial solver Gurobi.

Keywords: two-stage stochastic programming; normalised multiparametric disaggregation; Lagrangian relaxation;
branch-and-bound

1. Introduction

Presently, the majority of engineering sectors utilise mathematical optimisation as a modelling
framework to represent the behaviour of various processes. Areas such as electrical and process
engineering are arguably the most prominent employers of mathematical optimisation techniques
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to improve their operational performance. For instance, Andiappan (2017) emphasises the ef-
ficiency of mathematical optimisation as an approach to designing energy systems. The author
highlights the superior performances of mathematical optimisation in terms of comprehensiveness
and ability to explicitly determine the topology of energy systems compared to its alternatives, for
example, heuristic and insight-based approaches. Grossmann and Harjunkoski (2019) discuss the
importance of mathematical optimisation in chemical and petrochemical operations, allowing, in
some cases, up to 30% in energy savings.

Mathematical optimisation approaches closely rely on solving to optimality a mathematical
optimisation problem – the set of mathematical relationships representing the real-world problem
(Kallrath, 2021). Kallrath (2021) classifies mathematical optimisation problems into four groups
such as linear programming problems, mixed-integer linear programming (MILP) problems, non-
linear programming problems, and mixed-integer nonlinear programming (MINLP) problems.
Mixed-integer problems involve decision variables that can have both continuous and discrete
domains. The linearity or nonlinearity of the problem refers to the type of constraints and objec-
tive function. Lee and Leyffer (2011) highlight that MINLP problems are particularly challenging
due to the difficulties arising from solving over integer variables and non-linear functions. At the
same time, both MILP and nonlinear programming problems are known to be NP-hard (Forrest
et al., 1974; Murtagh and Saunders, 1995). Nevertheless, the range of applications of MINLP is
noticeably diverse (Lee and Leyffer, 2011). It includes modelling block layout design problems with
unequal areas (Castillo et al., 2005), structural flow sheet problems (Kocis and Grossmann, 1987)
and finding the optimal design of water distribution networks (Bragalli et al., 2012) to mention
only a few relevant applications.

In this paper, we focus on a subclass of MINLP problems that represent deterministic equiv-
alents for two-stage stochastic mixed-integer programming (2SSMIP) problems. Such problems
involve two decision-variable sets that are separated by an intermediate probabilistic event. These
two distinct decision-variable sets represent decisions made at different stages, that is, before and
after the intermediate probabilistic event occurred and its outcome is observed. The modelling
of probabilistic events for the most part involves consideration of mutually exclusive and exhaus-
tive alternatives (scenarios) and the definition of probabilities associated with them (Bush and
Mosteller, 1953). Despite their vast applicability, 2SSMIP problems raise serious conceptual and
computational challenges (Küçükyavuz and Sen, 2017). For instance, Liao et al. (2019) exploited
a multi-step MINLP problem to optimise the recovery process for network and load during power
system restoration. In Wang et al. (2021), a 2SSMIP model has been used to formulate a container
slot allocation problem for a liner shipping service. The authors used the sample-average approx-
imation to approximate the expected value function rendering a nonlinear integer programming
model.

Our interest resides in 2SSMIP problems whose deterministic equivalent representations are
non-convex mixed-integer quadratically constrained quadratic programming (MIQCQP) models.
These models arise in several practically relevant applications, such as the pooling problem, which
is a non-convex MIQCQP under the assumption of linearly blending qualities (Misener and
Floudas, 2012) and as the equivalent, single-level reformulation of some bi-level optimisation
problems (Ding et al., 2014; Virasjoki et al., 2020). Examples of pooling problem applications
include the design of water networks (Jezowski, 2010), modelling refinery processes (Amos et al.,
1997) and transportation systems (Calvo et al., 2004) as some relevant examples.

© 2025 The Author(s).
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The formulation of a general 2SSMIP is

zSMIP = m i n .
x

{
c�x + Q(x) : x ∈ X

}
, (1)

where the vector c ∈ R
nx is known, X is a mixed-integer linear set consisting of linear constraints

and integrality restrictions on some components of x. The recourse function Q : Rnx → R is the
expected recourse value function

Q(x) = E

[
min.

y
{ f (y, ξ ) : g(x, y, ξ ) = 0, y ∈ Y (ξ )}

]
, (2)

where, for any realisation of the random variable ξ , f : Rny → R is defined as

f (y, ξ ) = q(ξ )�y +
∑

(i, j)∈BQ

Q(ξ )i, jyiy j,

g = [g1, . . . , g|M|]� where gm : Rnx×ny → R, ∀m ∈ {1, . . . , |M|} = M, is defined as

gm(x, y, ξ ) = T (ξ )mx + W (ξ )my +
∑

(i, j)∈BU

U (ξ )m,i, jyiy j − h(ξ )m,

and BQ (BU ) comprise the index pairs (i, j) for which the entry |Qi, j | > 0 (|Ui, j | > 0), imply-
ing the presence of the bi-linear terms yiy j ; Y (ξ ) is a mixed-integer set containing both linear
constraints and integrality requirements on some of the variables y(ξ ); and E [ · ] denotes the ex-
pectation of · in terms of the random variable ξ . As it is standard practice in the stochastic
programming literature, we assume that the random variable ξ is represented by a finite set S of
realisations ξ1, . . . , ξ|S|, each with associated probability value π1, . . . , π|S|. In particular, each real-
isation ξs of ξ encodes the realisation observed for each of the random elements (q(ξs), Q(ξs)) and
(T (ξs)m,W (ξs)m,U (ξs)m, h(ξs)m), ∀m ∈ M. For the sake of notation compactness, we refer to these
collections as (qs, Qs) and (T s

m,W s
m,U s

m, hs
m), ∀m ∈ M, respectively.

Problem (1) can be then posed as the deterministic equivalent

zSMIP = min.
x,y

c�x +
∑
s∈S

π s

⎛
⎝qs�ys +

∑
(i, j)∈BQ

Qs
i, jy

s
i y

s
j

⎞
⎠

subject to: x ∈ X

T s
mx + W s

mys +
∑

(i, j)∈BU

U s
m,i, jy

s
i y

s
j = hs

m, ∀m ∈ M, ∀s ∈ S

ys ∈ Y s, ∀s ∈ S.

(3)

Due to the challenging nature of the non-convex MIQCQP problems open source and com-
mercial global solvers, such as Gurobi (Gurobi Optimization, 2020), Couenne (Belotti, 2023) or
Baron (The Optimization Firm, 2019) still present performance issues when addressing large-scale
instances. There have been several solution approaches developed for non-convex MIQCQP
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problems, which can be categorised into three groups. The first one involves approximation of
problem (3) with a continuous or mixed-integer relaxation (Cui et al., 2013; Andrade et al., 2019).
Another group is formed by those employing variants of the branch-and-bound (BnB) method. In
particular, typically for non-convex problems, spatial BnB is used, which involves convexification
of non-convex terms as a sub-routine (Berthold et al., 2012; Ding et al., 2014; Castro, 2016b). The
last group involves methods relying on the introduction of non-anticipativity conditions (NAC)
and the decomposition of the problem into more tractable sub-problems.

The block-angular structure of problem (3) allows for formulating an almost decomposable
equivalent problem by making explicit NAC of the first-stage variables x. The reformulated de-
terministic equivalent model (RDEM) with an almost separable structure can be represented as

zSMIP = m i n .
x,y

∑
s∈S

π s

(
c�xs + qs�ys + ∑

(i, j)∈BQ

Qs
i, jy

s
i y

s
j

)

s.t.: ys ∈ Y s, ∀s ∈ S
xs ∈ X, ∀s ∈ S
T s

mxs + W s
mys + ∑

(i, j)∈BU

U s
m,i, jy

s
i y

s
j = hs

m, ∀m ∈ M, ∀s ∈ S

xs − x̄ = 0, ∀s ∈ S,

(4)

where the constraint xs − x = 0, ∀s ∈ S, enforces non-anticipativity for the first-stage decisions and
x is an auxiliary variable used to enforce non-anticipativity for all xs, ∀s ∈ S. The RDEM problem
(4) could be fully decomposed into |S| non-convex MIQCQP problems if one could remove the
set of linear constraints xs − x = 0, ∀s ∈ S, that relates variables from distinct sub-problems, a
structure commonly known as complicating constraints.

To tackle the non-convex problem (4), Andrade et al. (2022) developed an algorithm named
p-Lagrangian decomposition. The p-Lagrangian decomposition method involves exploiting La-
grangian relaxation for decomposing the primal problem (4) into |S| independent sub-problems
and employing the reformulated normalised multiparametric disaggregation technique (RNMDT)
(Andrade et al., 2019) to construct mixed-integer-based relaxations. The necessity to formulate
a mixed-integer-based relaxation arises from the non-convex nature of the primal problem (4),
leading to a lack of monotonicity in the behaviour of its dual bound value. Therefore, relying
solely on Lagrangian decomposition becomes insufficient in ensuring a valid lower (dual) bound
for the primal problem (4). However, applying Lagrangian decomposition to the mixed-integer-
based relaxation of the primal problem yields a valid lower (dual) bound. As a subroutine, the
p-Lagrangian decomposition algorithm employs a dynamic precision-based method, ensuring
the tightening of the relaxation bounds as the precision parameter value approaches −∞, and a
bundle method (BM) approach for updating the dual multipliers. Additionally, the decomposable
structure of the Lagrangian dual problem is amenable to parallelisation, which can significantly
enhance the computational performance.

As suggested by the numerical results in Andrade et al. (2022), the p-Lagrangian decomposition
demonstrated superior performance compared to commercial solver Gurobi (Gurobi Optimization,
2020) when solving non-convex MIQCQP problems with the decomposable structure. Nevertheless,
the p-Lagrangian decomposition algorithm has an important shortcoming related to the duality
gap arising from the mixed-integer nature of the primal problem combined with the imprecision of

© 2025 The Author(s).
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the RNMDT relaxation. It is worth highlighting that the convergence of a p-Lagrangian relaxation
problem requires the precision parameter value to approach −∞. Nevertheless, for most of the
practical applications, convergence with a predetermined tolerance is sufficient.

Our primary contribution involves the introduction of a solution method named p-branch-
and-bound (p-BnB) for non-convex MIQCQP problem (4). The p-BnB algorithm evolves from
the advancement of p-Lagrangian relaxation, effectively mitigating the duality-gap issue and
ensuring convergence to a global optimum. Similar to the performance observed with the
p-Lagrangian method, the proposed p-BnB surpasses the performance of the commercial solver
Gurobi (Gurobi Optimization, 2020). Importantly, our methodology marks the first instance of
incorporating p-Lagrangian relaxation within the framework of a duality-based BnB approach.
The p-BnB method is inspired by the decomposition method for two-stage stochastic integer
programs proposed in Carøe and Schultz (1999). The technically challenging synchronisation of
p-BnB and decomposition method proposed in Carøe and Schultz (1999) relies on the repeatedly
solving p-Lagrangian relaxation of problem (4) by means of p-BnB and iteratively restricting the
feasible region via the BnB framework whenever the solution of p-Lagrangian relaxation violates
integrality or non-anticipativity conditions. Consequently, p-BnB provides the upper bound for
problem (4) that can be made arbitrarily precise against the value of the Lagrangian relaxation
bound by decreasing the value of precision factor p.

Our subsequent contribution involves the evaluation of the numerical efficiency of p-BnB on ran-
domly generated instances considering two different solution methods for the dual problem stem-
ming from p-Lagrangian relaxation. The first one is the Frank–Wolfe Progressive Hedging (FWPH)
method, originally presented in Boland et al. (2018). The classic progressive hedging (Rockafellar
and Wets, 1991) method is proved to converge to the solution of the deterministic equivalent of a
two-stage stochastic programming if such a point exists and the problem is convex. However, there
is no guarantee of convergence in case the primary problem is mixed-integer, hence non-convex.
In contrast, the FWPH is an enhancement of the classic progressive hedging method with con-
vergence guarantees even in the presence of mixed-integer variables. That is, FWPH guarantees
convergence to the optimal dual value of p-Lagrangian relaxation. The other solution method
for dual problems tested in p-BnB is the proximal BM (Oliveira and Sagastizábal, 2014; Kim and
Dandurand, 2022). The proximal BM relies on the classic BM (Lemaréchal, 1974) but involves
regularisation of the dual space search allowing for fewer iterations until convergence (Kim and
Dandurand, 2022).

The first step of the proposed p-BnB method involves the construction of the mixed-integer
relaxation of the primal non-convex RDEM problem (4) by means of employing the RNMDT
technique described in Section 2.1 to relax all quadratic terms. Next, we apply a Lagrangian
duality-based BnB method reviewed in Section 3. The method involves the composition of BnB
strategies and dual decomposition. Subsequently, each branching tree node is represented by an
assembly of decomposable dual sub-problems. To solve the dual sub-problems within the BnB
search, we consider the FWPH method discussed in Section 2.3.2 and the proximal BM presented
in Section 2.3.1. To the best of our knowledge, this is the first time the efficiency of the FWPH
method has been assessed within a Lagrangian duality-based BnB framework. The proposed
method was tested on randomly generated instances, and the results of the numerical experiments
are presented in Section 4. Finally, in Section 5, we provide conclusions and directions for further
research.

© 2025 The Author(s).
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2. Technical background

In what follows, we present the technical elements that form our proposed method. In essence,
p-BnB is formed by the combination of three main techniques, namely p-Lagrangian decomposi-
tion, of which RNMDT is a key concept, solution methods for dual Lagrangian problems (FWPH
and proximal BM) and a BnB coordination algorithm.

2.1. Reformulated normalised multiparametric disaggregation technique

To ensure the validity of the dual (lower) bound value for the non-convex problem (4), we utilise ar-
bitrarily precise mixed-integer linear relaxation of (4), which will then serve as the basis for deriving
the corresponding dual problem.

The normalised multiparametric disaggregation technique (NMDT) is an efficient technique to
relax quadratic terms in non-convex MIQCQP problems (Castro, 2016a). NMDT involves the
discretisation of the domain of one variable in each bi-linear term. The discretisation procedure
in NMDT closely resembles the piecewise McCormick envelopes approach (McCormick, 1976;
Bergamini et al., 2005) as it involves splitting the variable domain into a number of uniform parti-
tions. The accuracy of the NMDT approximation of the primary non-convex MIQCIP problem is
directly related to the size of these partitions and can be made arbitrarily precise. However, improv-
ing the accuracy of NMDT approximation follows the increase in the number of continuous and
binary variables. Therefore, there is a trade-off between the accuracy of the NMDT approximation
and its computational tractability.

The enhancement of NMDT has been proposed by Andrade et al. (2019), and this new version
was named reformulated NMDT (RNMDT). The authors suggested reducing the numerical
base used for the discretised domain from 10 to 2 (or binary). Hence, the smallest interval used
for discretising the domain would be 0.5 when p = −1 instead of 0.1 as in the case of base 10.
This modification allowed for a significant reduction in the number of auxiliary binary variables
required in NMDT relaxation. Additionally, the authors performed a series of reformulations
leading to the elimination of a number of redundant constraints and variables. Therefore, RN-
MDT relaxation became more easily tractable compared to NMDT. For further details on the
reformulation of NMDT relaxation please refer to Andrade et al. (2019). The RNMDT relaxation
of the primal RDEM problem can be constructed by employing RNMDT to discretise the second-
stage variables ys

j in the primal RDEM. Following the notation in Andrade et al. (2019), formally,
for a fixed value of the precision factor p, the mixed-integer relaxation RNMDTp can be stated
as

zRNMDT = min.
x,y,w

∑
s∈S

π s

⎛
⎝c�xs + qs�ys +

∑
(i, j)∈BQ

Qs
i, jw

s
i, j

⎞
⎠

s.t.: ys ∈ Y s, ∀s ∈ S,

xs ∈ X, ∀s ∈ S

© 2025 The Author(s).
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xs − x = 0, ∀s ∈ S

T s
mxs + W s

mys +
∑

(i, j)∈BU

U s
m,i, jw

s
i, j = hs

m, ∀m ∈ M, ∀s ∈ S

ys
j = (NU,s

j − NL,s
j )

(∑
l∈P

2l zs
j,l + �ys

j

)
+ NL,s

j , ∀s ∈ S, ∀ j ∈ { j | (i, j) ∈ BQ ∪ BU }

0 ≤ �ys
j ≤ 2p, ∀s ∈ S, ∀ j ∈ { j | (i, j) ∈ BQ ∪ BU }

ws
i, j = (NU,s

j − NL,s
j )

(∑
l∈P

2l ŷs
i, j,l + �ws

i, j

)
+ ys

i N
L,s
j , ∀s ∈ S, ∀(i, j) ∈ BQ ∪ BU

2p(ys
i − NU,s

i ) + NU,s
i �ys

j ≤ �ws
i, j ≤ 2p(ys

i − NL,s
i ) + NL,s

i �ys
j, ∀s ∈ S, ∀(i, j) ∈ BQ ∪ BU

NL,s
i �ys

j ≤ �ws
i, j ≤ NU,s

i �ys
j, ∀s ∈ S, ∀(i, j) ∈ BQ ∪ BU

NL,s
i zs

j,l ≤ ŷs
i, j,l ≤ NU,s

i zs
j,l , ∀s ∈ S, ∀(i, j) ∈ BQ ∪ BU , l ∈ P

NL,s
i (1 − zs

j,l ) ≤ ys
i − ŷs

i, j,l ≤ NU,s
i (1 − zs

j,l ), ∀s ∈ S, (i, j) ∈ BQ ∪ BU , l ∈ P

zs
j,l ∈ {0, 1}, ∀s ∈ S, ∀ j ∈ { j | (i, j) ∈ BQ ∪ BU }, ∀l ∈ P, (5)

where P = {p, . . . , −1} and ws
i, j represent the product ys

i y
s
j . Andrade et al. (2019) have demon-

strated that as the precision parameter p approaches −∞ the corresponding RNMDTp relaxation
becomes increasingly tighter.

2.2. p-Lagrangian relaxation

Let us consider the RNMDTp problem (5) defined in Section 2.1, where the precision factor p is
fixed to some negative integer value. The p-Lagrangian decomposition of RNMDTp can be ob-
tained by applying Lagrangian relaxation to relax the NAC

xs − x = 0, ∀s ∈ S.

Let λ = (λ1, . . . , λ|S|) ∈ R
nx×|S| be the vector of dual multipliers associated with the relaxed NAC.

By setting μs = 1
π s λ

s, ∀s ∈ S, the p-Lagrangian dual function can be defined as

L(μ) =
{

min .
x,x̄,y,w

∑
s∈S

π s

(
c�xs + qs�ys + ∑

(i, j)∈BQ

Qs
i, jw

s
i, j + μs(xs − x̄)

)
: (xs, ys, �s) ∈ Gs,∀s ∈ S

}
, (6)

© 2025 The Author(s).
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8 N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30

where �s = {ws, �ys, �ws, ŷs, zs} and Gs is defined by the following set of constraints:

Gs =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xs ∈ X

ys ∈ Y s

T s
mx + W s

mys +
∑

(i, j)∈BU

U s
m,i, jw

s
i, j = hs

m, ∀m ∈ M

ys
j = (NU,s

j − NL,s
j )

(∑
l∈P

2l zs
j,l + �ys

j

)
+ NL,s

j , ∀ j ∈ { j | (i, j) ∈ BQ ∪ BU }

0 ≤ �ys
j ≤ 2p, ∀ j ∈ { j | (i, j) ∈ BQ ∪ BU }

ws
i, j = (NU,s

j − NL,s
j )

(∑
l∈P

2l ŷs
i, j,l + �ws

i, j

)
+ ys

i N
L,s
j , ∀(i, j) ∈ BQ ∪ BU

2p(ys
i − NU,s

i ) + NU,s
i �ys

j ≤ �ws
i, j ≤ 2p(ys

i − NL,s
i ) + NL,s

i �ys
j, ∀(i, j) ∈ BQ ∪ BU

NL,s
i �ys

j ≤ �ws
i, j ≤ NU,s

i �ys
j, ∀(i, j) ∈ BQ ∪ BU

NL,s
i zs

j,l ≤ ŷs
i, j,l ≤ NU,s

i zs
j,l , ∀(i, j) ∈ BQ ∪ BU , ∀l ∈ P

NL,s
i (1 − zs

j,l ) ≤ ys
i − ŷs

i, j,l ≤ NU,s
i (1 − ys

j,l ), ∀(i, j) ∈ BQ ∪ BU , ∀l ∈ P

zs
j,l ∈ {0, 1}, ∀ j ∈ { j | (i, j) ∈ BQ ∪ BU }, ∀l ∈ P.

The variable x in (6) is unconstrained. Therefore, in order for the p-Lagrangian dual function
L(μ) to be bounded, we must impose the dual feasibility condition

∑
s∈S π sμs = 0. With this as-

sumption in mind, the p-Lagrangian dual function (6) can be explicitly decomposed for each sce-
nario s ∈ S

L(μ) = ∑
s∈S

π sLs(μs), (7)

where

Ls(μs) =
{

min .
x,y,w

(cs + μs)�xs + qs�
ys + ∑

(i, j)∈BQ

Qs
i, jw

s
i, j : (xs, ys, �s) ∈ Gs, ∀s ∈ S

}
. (8)

For any fixed value of μ = (μ1, . . . μ|S|), the p-Lagrangian dual function (7) provides a lower
bound for the primal RNMDTp problem (5) (Andrade et al., 2022). Our objective is to find the
tightest (i.e., the uppermost) lower bound. Therefore, the dual bound can be obtained by solving
the p-Lagrangian dual problem

zLD = max
μ

{
L(μ) :

∑
s∈S

π sμs = 0

}
. (9)
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N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30 9

2.3. Solution method for p-Lagrangian dual function

In this section, we present adaptations of the proximal BM (Kim and Dandurand, 2022) and
FWPH (Boland et al., 2018) for solving the p-Lagrangian dual problem (9). One should bear in
mind that alternative nonsmooth (convex) optimisation algorithms can be potentially applied to
solve p-Lagrangian dual function L(μ). The choice for proximal BM and FWPH was motivated
by the literature on dual Lagrangian-based methods, including their reported efficiency (see, e.g.,
Feltenmark and Kiwiel, 2000; Boland et al., 2018; Palani et al., 2019; Bashiri et al., 2021), and
our own experience with preliminary experiments involving both and other simpler nonsmooth
optimisation methods (i.e., sub-gradient and cutting planes methods).

2.3.1. Proximal bundle method
We use an adaptation of a proximal BM utilised by Kim and Dandurand (2022) to solve the p-
Lagrangian dual problem (9). The BM relies on an iterative approximation of the p-Lagrangian
dual function L(μ) with piece-wise linear functions via cutting planes. Kim and Dandurand (2022)
proposed a solution method for stochastic mixed-integer programming problems inspired by Carøe
and Schultz (1999) and utilised the adaptation of the proximal BM presented in Kiwiel (1990) as
a subroutine to solve dual problems. Kiwiel (1990) developed a new approach for updating the
weights of proximal terms in BMs for minimising a convex function (Kiwiel, 1984, 1985, 1987).
This technique can significantly reduce the number of cutting planes required to reach the desired
convergence accuracy. The pseudo-code of the adaption of the proximal BM proposed by Kim and
Dandurand (2022) is presented in Algorithm 1.

Suppose that in the kth iteration of the proximal BM, we have computed Lagrangian multipliers
μl and centres of mass μl , for l = 1, . . . , k − 1. In what follows, we present the adaptation of the
proximal BM to update these parameters.

The Lagrangian multiplier μk is computed as follows:

μk = arg max
μ

{
mk(μ) − uk

2
||μk − μk−1||

}
, (10)

where mk(μ) is piece-wise linear approximation of L(μ) at iteration k given by

mk(μ) = max
θ s

∑
s∈S

θ s (11)

s.t.: θ s ≤ Ls(μl ) −
(

∂Ls(μl )
∂μl

)�
(μ − μl ), ∀s ∈ S, l = 1, . . . , k − 1. (12)

The convergence of the proximal BM strongly relies on the update of the proximal parameter uk
and the centre of mass of μk. In line with the procedure developed in Kim and Dandurand (2022),
the centre of mass μk is updated as follows:

μk =
{

μk, if L(μk) ≥ L(μk) + aLvk (serious step)
μk−1, otherwise (null step),

(13)
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10 N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30

Algorithm 1. Proximal bundle method

initialise: k = 0, kmax, εBM, μ0, μ0 = μ0, umin, u1 > umin, Cu
min, Cu

avg, Cu
max, Cv, imin, imax and iu

1 = 0.
For each s ∈ S solve Ls(μ) with μ = μ0 and solve (11)–(12) with l = 0 to form m1.
repeat

k = k + 1.
From (10) obtain μk and the value of mk(μk).
For each s ∈ S, solve Ls(μ) at the point m = mk.
Compute vk, hk, δk, gk and δk as in (14), (17), (19), (20) and (21), respectively.
if L(μk) − L(μk−1) ≥ aLvk then

μk = μk

if L(μk) − L(μk−1) ≥ aRvk and iu
k > 0 then

uk+1 = max{hk,Cu
minuk, umin}

else if iu
k > imax then

uk+1 = max{Cu
avguk, umin}

end if

iu
k+1 =

{
max{iu

k + 1, 1}, if uk+1 = uk

1, otherwise
else

μk = μk−1

if δk > max{δk + |gk|,Cvvk} and iu
k < imin then

uk+1 = min{hk,Cu
maxuk}

else
uk+1 = Cu

maxuk

end if

iu
k+1 =

{
min{iu

k − 1, −1}, if uk+1 = uk,

−1, otherwise.
end if
Formulate mk+1 as in (11)–(12).

until vk ≤ εBM or k > kmax

return: μk, L(μk), (xs
kmax

, ys
kmax

, ws
kmax

)s∈S solving L(μk).

where we typically have aL ∈ (0, 0.5) and

vk = mk(μk) − L(μk−1) (14)

representing the predicted increase of p-Lagrangian function L(μ).
The proximal term uk must be chosen carefully. To prevent the proximal BM from taking a

serious step too frequently (after too little improvement in L(μ)), uk cannot be too large. On the
other hand, if uk value is too small, the method will take many null steps before it finds a good
candidate for the new centre of mass. To accelerate the performance of the proximal BM, tests
identifying whether the proximal parameter uk value was too small or too large can be employed.

The case when uk is too large can be identified by testing whether

L(μk) ≥ L(μk−1) + aRvk, (15)
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N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30 11

where aR ∈ (aL, 1). If (15) holds the proximal term uk is updated as

uk+1 = max{hk,Cu
minuk, umin}, (16)

with

hk = 2uk

(
1 − L(μk) − L(μk−1)

vk

)
, (17)

and Cu
min ∈ R. On the other hand, whether the proximal term uk is too small is identified by the test

δk > max{δk(μk−1) + |gk|,Cvvk}, (18)

where Cv ∈ R and

δk = L(μk) −
(∑

s∈S

∂Ls(μk)
∂μk

(xs
k)

)�
(μk − μk−1) − L(μk−1), (19)

in which xs
k, ∀s ∈ S, is the optimal solution of the p-Lagrangian sub-problem Ls(μ) with μ = μk,

gk ∈ ∂mk(μk), (20)

and

δk(μ) = mk(μk) + (gk)�(μ − μk) − Lπ (μ), (21)

where ∂ denotes the sub-differential of mk at uk, making thus gk a sub-gradient of mk at uk. If (18)
holds, the proximal term uk is updated as

uk+1 = min{hk,Cu
maxuk}, (22)

where Cu
max ∈ R. Algorithm 1 summarises the developed proximal BM, starting with a step k = 0

and the initialisation of the parameters.
Following the developments in Kim and Dandurand (2022), Algorithm 1 includes an additional

parameter iu
k that counts consecutive serious or null steps and enforces the tuning of the proximal

term uk, hoping to speed up the algorithm’s convergence. The algorithm terminates when predicted
increases vk are within an arbitrary tolerance εBM. For proof of the convergence of the BM adapta-
tion presented in Algorithm 1, one can refer to, for instance, Kiwiel (1990).

2.3.2. Frank–Wolfe progressive-hedging method
Alternatively, one can apply the FWPH method (Boland et al., 2018) to solve the p-Lagrangian
dual problem (9). FWPH is applied to the primal characterisation of (9):

zLD = min .
x,x̄,y,w

{∑
s∈S

π s

(
c�xs + qs�

ys + ∑
(i, j)∈BQ

Qs
i, jw

s
i, j

)
: (xs, ys, �s) ∈ conv(Gs), xs = x̄,∀s ∈ S

}
,

(23)

© 2025 The Author(s).
International Transactions in Operational Research published by John Wiley & Sons Ltd on behalf of International Federation

of Operational Research Societies.

 14753995, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/itor.70001 by A

hti Salo - A
alto U

niversity , W
iley O

nline L
ibrary on [21/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



12 N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30

Algorithm 2. Frank–Wolfe progressive hedging (FWPH) method

initialise: (V s
0 )s∈S, (xs

0)s∈S, μ0, ρ, α, εFW PH , kmax, tmax and εSDM .
Compute x0 = ∑

s∈S π sxs
0 and μs

1 = μs
0 + ρ(xs

0 − x0).
for k = 1, . . . , kmax do

for s ∈ S do
x̃s = (1 − α)xk−1 + αxs

k−1,
[xs

k, ys
k, ws

k,V s
k , Ls(μs

k)] = SDM(V s
k−1, x̃s, μs

k, xk−1, tmax, εSDM )
end for
Compute L(μk) = ∑

s∈S π sLs(μs
k) and xk = ∑

s∈S π sxs
k.

if
√∑

s∈S π s
∥∥xs

k − xk−1

∥∥2

2
≤ εFW PH then

return ((xs
k, ys

k, ws
k)s∈S, xk, μk, L(μk))

end if
Compute μs

k+1 = μs
k + ρ(xs

k − xk) for each s ∈ S.
end for
return (xs

kmax
, ys

kmax
, ws

kmax
)s∈S, xkmax , μkmax , L(μkmax ).

where conv(Gs) denotes the convex hull of Gs for each s ∈ S.
The FWPH method primarily relies on the classical progressive hedging method (Rockafellar

and Wets, 1991). However, unlike progressive hedging, FWPH can guarantee convergence in case
the original problem is mixed-integer. Indeed, using the progressive hedging method as proposed
in Rockafellar and Wets (1991) to solve 2SSMIP might result in sub-optimal bounds, cycling be-
haviour and poor convergence behaviour of Lagrangian dual bound for problem (9) as the presence
of integer variables hinders its convergence guarantees. As a result, progressive hedging has typically
been employed as a heuristics approach (see, e.g., Watson and Woodruff, 2011). FWPH integrates
an extension of the Frank–Wolfe method called the simplicial decomposition method (SDM) to
iteratively construct an inner approximation of conv(Gs) for each s ∈ S. The composition of SDM
and progressive hedging method allows for overcoming the aforementioned convergence issue. Ad-
ditionally, it allows replacing the additional step of solving mixed-integer linear sub-problems with
solving convex continuous quadratic sub-problems when calculating the Lagrangian dual bound.
This, in turn, improves the computational performance of the FWPH method (Boland et al., 2018).

The FWPH method uses the augmented Lagrangian dual problem, that is, a modified La-
grangian dual problem in which the Lagrangian dual function is augmented by a penalty term
that acts as a regularisation term. The augmented Lagrangian dual function based on relaxing the
NAC constraints xs = x, ∀s ∈ S in RNMDTp problem (5) is

Lρ (x, y, w, x̄, μ) = ∑
s∈S

π sLs
ρ (xs, ys, ws, x̄, μs), (24)

where

Ls
ρ (xs, ys, ws, x, μs) = c�xs + qs�

ys +
∑

(i, j)∈BQ

Qs
i, jw

s
i, j + μs�(xs − x) + ρ

2
‖xs − x‖2

2

and ρ > 0 is a penalty parameter.
The FWPH algorithm pseudo-code is stated in Algorithm 2. The parameter kmax defines the

maximum number of iterations for the Frank–Wolfe method and εFW PH is a convergence tolerance
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N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30 13

Algorithm 3. Simplicial decomposition method (SDM)

initialise: V s
0 , xs

0, μ
s, x, tmax and εSDM .

for t = 1, . . . , tmax do
μ̂s

t = μs + ρ(xs
t−1 − x),

(x̂s, ŷs, ŵs) ∈ argminx,y,w{(c + μ̂s
t )�x + qs�y + ∑

(i, j)∈BQ
Qs

i, jwi, j : (x, y, w) ∈ Gs}

if t = 1 then
Ls(μ̂s

t ) = (c + μ̂s
t )�x̂s + qs�ŷs + ∑

(i, j)∈BQ
Qs

i, j ŵ
s
i, j

end if
Compute
�t = −[(c + μ̂s

t )�(x̂s − xs
t−1) + qs�(ŷs − ys

t−1) + ∑
(i, j)∈BQ

Qs
i, j (ŵ

s
i, j − ws

t−1,i, j )],

V s
t = V s

t−1 ∪ {(x̂s, ŷs, ŵs)} and
(xs

t , ys
t ) ∈ arg minx,y,w

{
Ls

ρ (x, y, w, x, μ̂s
t ) : (x, y, w) ∈ conv(V s

t )
}
.

if �t ≤ εSDM then
return (xs

t , ys
t , ws

t ,V s
t , L(μ̂t ))

end if
end for
return (xs

tmax
, ys

tmax
, ws

tmax
,V s

tmax
, L(μ̂tmax )).

parameter. The termination criterion involves the term
∑

s∈S π s
∥∥xs

k − xk−1
∥∥ that represents the sum

of squared norms of primal and dual residuals associated with (23). These residuals evaluate how
close the solution candidate ((xs, ys, ws), x) is to satisfy the necessary and sufficient optimality con-
ditions for (23).

As a subroutine, Algorithm 2 employs the SDM to minimise Ls
ρ (x, y, w, x, μs) over (x, y, w) ⊂

conv(Gs) for a given s ∈ S. The pseudo-code for SDM is stated in Algorithm 3. The precondition
for the SDM algorithm is that V s

0 ⊂ conv(Gs) and x = ∑
s∈S π sxs

0, where V s
t are discrete sets of

points such that V s
t ⊂ conv(Gs). Parameter tmax defines the maximum number of iterations for

SDM, and εSDM > 0 is the convergence tolerance. The parameter α affects the initial linearisation
point x̃s of the SDM method.

3. Dual decomposition

In this section, we present the branching approach we employ, which is inspired by the dual de-
composition proposed in Carøe and Schultz (1999). The authors proposed a solution method for
linear stochastic multi-stage problems that may involve integrality requirements at each stage. The
solution method relies on dual decomposition combined with BnB strategies to ensure convergence.
In what follows, we discuss our adaptation of the solution method proposed in Carøe and Schultz
(1999) for the mixed-integer RNMDT relaxations of RDEM problems.

Let T be the set of unexplored nodes in the BnB search, in which each node is denoted by
N. The key idea behind our approach is to extend the BnB procedure proposed in Carøe and
Schultz (1999) for the RNMDTp problem (5). Specifically, we perform branching on the first-stage
variables and use the solution of the p-Lagrangian dual problem, as described in (9), as the
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14 N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30

bounding procedure. To form candidates for feasible first-stage variables solution, the method uses
an average xN = ∑

s∈S π sx∗,s
N , combined with a rounding heuristic to fulfil the integrality require-

ments, where x∗,s
N , ∀s ∈ S, is obtained from solving the N node-corresponding dual problem (9).

If xN violates integrality conditions for some integer index i, that is, 
xN,i� < xN,i < �xN,i�, two
nodes NL and NR with the correspondent sub-problems (9) are formed from parent node N, where
feasibility sets Gs

NL and Gs
NR , ∀s ∈ S, are formed, respectively, as

Gs
NL = Gs

N ∩ {
xs

i ≤ 
xN,i�
}

and (25)

Gs
NR = Gs

N ∩ {
xs

i ≥ �xN,i�
}
. (26)

There are multiple approaches for selecting the integer index i of a fractional-valued variable, that
is, 
xN,i� < xN,i < �xN,i� to perform branching. Morrison et al. (2016) describe several common
methods, of which we highlight the following:

• Branching on the most (least) fractional or most (least) infeasible variable (see, e.g., Ortega and
Wolsey, 2003; Achterberg et al., 2005): This approach involves selecting the integer index i such
that the fractional part of xN,i is closest to (or furthest from) 0.5.

• Pseudo-cost branching (see, e.g., Bénichou et al., 1971): In this method, the integer index i is
chosen based on the expected impact of branching on xN,i on the objective function, leveraging
the history of previous branching decisions in the tree.

• Strong branching (see, e.g., Achterberg et al., 2005; Achterberg, 2007): This technique recom-
mends selecting the integer index i such that branching on xN,i results in the greatest change to
the objective function. This is typically evaluated by solving LP relaxations for the child nodes
generated by branching on xN,i.

In addition to these strategies, Morrison et al. (2016) highlight several other methods, including
combining strong and pseudocost branching (see, e.g., Linderoth and Savelsbergh, 1999), backdoor
branching, which uses an auxiliary integer program to identify a subset of indices that reduce the
search tree size (see, e.g., Fischetti and Monaci, 2011) and information-theoretic branching, where
indices are chosen to minimise uncertainty in the sub-problems (see, e.g., Gilpin and Sandholm,
2011).

In our approach, a predominant feature is that we typically have a small search tree and that each
node typically requires considerable computational work. The combination of these two character-
istics led us to lean towards a simpler branching strategy.

If xN satisfies integrality conditions but x∗,s
N , ∀s ∈ S, violates non-anticipativity conditions, two

nodes NL and NR with the correspondent sub-problems (9) are formed from the parent node N,
where feasibility sets Gs

NL and Gs
NR , ∀s ∈ S, are formed, respectively, as

Gs
NL = Gs

N ∩ {
xs

i ≤ xN,i − εBB
}

and (27)

Gs
NR = Gs

N ∩ {
xs

i ≥ xN,i + εBB
}
, (28)
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N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30 15

where εBB > 0. The branching index i is chosen based on the measure of the dispersion in the first-
stage scenario solutions, for example, if the dispersion of the component i : σi = maxs∈S x∗,s

N,i −
mins∈S x∗,s

N,i is zero, this should imply the non-anticipativity of this component

x∗,1
N,i = · · · = x∗,|S|

N,i .

Therefore, in case of violating non-anticipativity constraints, branching is performed on the index
i with the largest dispersion.

The BnB search requires that any node not pruned or fathomed must be explored. Therefore,
reducing the size of the search tree is directly tied to the efficiency of the pruning strategy. Morrison
et al. (2016) highlight the following major groups of strategies:

• Pruning by bound: This strategy involves pruning nodes whose sub-problem objective value is
worse (higher in the case of minimisation) than the incumbent solution objective value (see, e.g.,
Arora et al., 2002; Vilà and Pereira, 2014). The bounds of the sub-problems can be calculated
either by solving a linear relaxation of the node sub-problems or by using duality techniques.

• Pruning by the dominance relations: this strategy involves pruning a node if another node’s
sub-problem dominates its sub-problem. A sub-problem is said to be dominated if another sub-
problem guarantees a better solution or an equally good solution that is less computationally
intensive (see, e.g., Fischetti and Salvagnin, 2010; Sewell et al., 2012). Dominance rules can be
defined based on whether memory is used to store previously explored sub-problems. The
memory-based dominance involves comparing unexplored nodes to sub-problems of already gen-
erated and stored nodes. If a stored sub-problem dominates a new one, the new sub-problem can
be pruned. The non-memory-based dominance involves determining the existence of a dominat-
ing node without relying on stored sub-problems. It checks whether a dominance relation holds
regardless of whether the dominating node has been explored.

In the proposed approach, we prune nodes based on the lower bounds generated by solving the
dual sub-problems, for the same reasons that we chose simpler branching rules (i.e., small search
trees with computationally expensive nodes).

Algorithm 4 summarises the adaptation of the BnB method presented by Carøe and Schultz
(1999) that, hereafter, we refer to as p-BnB. For each BnB node N ∈ T , we generate node sub-
problem (9) and compute its dual bound value z∗

N as well as corresponding optimal dual and pri-
mal variables values (μ∗,s

N )s∈S and (x∗,s
N , y∗,s

N , w∗,s
N )s∈S, respectively, by applying Algorithm 1 or 2. If

the dual bound value z∗
N > zU B or one of the N sub-problems s ∈ S is infeasible, the node N is

fathomed. Otherwise, we check whether solution x∗,s
N violates non-anticipativity or integrality con-

ditions. If that is the case, we perform branching as described in (25)–(26) on the most fractional
variable xN,i if x∗,s

N violates integrality conditions. Otherwise, we perform branching as described in
(27)–(28) on the variable with the largest dispersion σi if x∗,s

N violates non-anticipativity conditions.
If x∗,s

N satisfies both non-anticipativity and integrality conditions, we update the best upper bound
value zU B = z∗

N and best solution value x∗ = xN . Lastly, we update the best lower bound value zLB
by setting it to the smallest dual bound value z∗

N among the nodes N that are yet to be fathomed.
The algorithm continues until the set T is empty.
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16 N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30

Algorithm 4. p-branch-and-bound method (p-BnB)

initialise: T = ∅, zU B = ∞, zLB = −∞, x∗ = ∅, εBB > 0 and εNAC ≥ 0.
Create root node N0 sub-problem (9), T = T ∪ {N0}.
repeat

Choose a node N ∈ T .
T = T \ {N}.
Apply Algorithm 1 or 2 to the node N sub-problem (9) to obtain z∗

N , (μ∗,s
N )s∈S and (x∗,s

N , y∗,s
N , w∗,s

N )s∈S.
if z∗

N > zU B or one of the N sub-problems is infeasible then
fathom N

else
Compute xN = ∑

s∈S π sx∗,s
N .

Compute σi = maxs∈S
{
x∗,s

N,i

} − mins∈S
{
x∗,s

N,i

}
for i ∈ {1, . . . , nx}.

if maxi∈1,...,nx {σi} ≤ εNAC then
if xN,i is fractional for some integer index i ∈ {1, . . . , nx} then

Choose integer variable index i ∈ {1, . . . , nx} such as 
xN,i� < xN,i < �xN,i�.
Create two new nodes NL and NR via (25) and (26), respectively.

else if zU B > z∗
N then

zU B = z∗
N ,

x∗ = xN

end if
else if maxi∈1,...,nx{σi} > εNAC and zU B > z∗

N then
if xN,i is fractional for some integer index i ∈ 1, . . . , nx then

Choose integer variable index i ∈ 1, . . . , nx such as 
xN,i� < xN,i < �xN,i�.
Create two new nodes NL and NR via (25) and (26), respectively.

else
Choose continuous variable index i ∈ arg maxi σi.
Create two nodes NL and NR via (27) and (28), respectively.

end if
T = T ∪ {NL, NR}.

end if
end if
Update ZLB.

until T = ∅

To clarify how the elements composing Algorithm 4 interact, we provide a graphical representa-
tion of the algorithm’s structure in Fig. 1. Additionally, Section C presents an illustrative example,
showcasing the procedures described in Algorithm 4 and demonstrating how they apply to a small
problem instance.

In what follows, we provide a theoretical justification of Algorithm 4 convergence to the optimal
solution of RNMDTp relaxation (problem (5)). The convergence of Algorithm 4 to the solution
set of problem (5) considering any fixed value of p = {−∞ . . . , −1} is stated in Theorem 1. Conse-
quently, the solution set of problem (5) converges within a predefined tolerance level to the solution
set of the primal RDEM (problem (4)) as the precision factor p approaches −∞. Formally, the
justification for convergence of the RNMDT relaxation (problem (5)) is stated in Theorem 2. It
is worth highlighting that when discussing the convergence from (5) to (4) as p approaches −∞
we take into consideration that, in practical applications, this corresponds to achieving a predeter-
mined epsilon-accurate convergence rather than an absolute convergence.

© 2025 The Author(s).
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N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30 17

Fig. 1. Graphical representation of Algorithm 4 structure.

Theorem 1. Suppose we consider the RNMDT relaxation (problem (5)) with an arbitrary fixed
value of the precision factor p = {−∞, . . . , −1}. Then Algorithm 4 converges to the solution
(x∗,s

N , y∗,s
N , w∗,s

N )s∈S that is optimal for problem (5).

Proof. In Carøe and Schultz (1999), the authors demonstrate the termination in finitely many
steps and convergence of Algorithm 4 to the optimal solution of problem (5) assuming that nodes
p-Lagrangian dual sub-problem (9) are solved to optimality and, hence, yielding optimal dual
bound. Employing either Algorithm 1 or 2 ensures the convergence to the optimal solution of
the p-Lagrangian dual sub-problem (9). For the convergence of Algorithms 1 and 2 to the opti-
mal solution of problem (6), please refer to Kim and Dandurand (2022) and Boland et al. (2018),
respectively. �

Theorem 2. Suppose we consider the RNMDTp relaxation problem (5) with an arbitrary fixed
value of the precision factor p = {−∞, . . . , −1}. Then for any pair (p1, p2) such that p1 < p2 ≤ 0
RNMDTp1 is a tighter (or equal) relaxation of the original RDEM problem than RNMDTp2 .
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18 N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30

Table 1
Instance problem dimensions (per scenario)

Instance size # of 1st-stage variables # of 2nd-stage variables # of constraints

Small (S) 100 100 100
Large (L) 200 200 200

Proof. See Andrade et al. (2019, Theorem 6). �

4. Computational experiments

This section presents numerical results for experiments performed using randomly generated non-
convex 2SSMIP in the form of (4) or problems (4), as we refer to them hereinafter. All code and in-
stances generated are available on the GitHub repository (Belyak, 2022). The experiments were de-
signed using Julia (Version 1.7.3) language (Bezanson et al., 2017) and Gurobi (Version 9.1) solver
(Gurobi Optimization, 2020). The code was run on Triton, Aalto University’s high-performance
computing cluster (Aalto Scientific Computing, 2022).

4.1. Design of experiments

We tested the efficiency of Algorithm 4 considering two alternative methods to solve sub-problems
(9): the proximal BM presented in Section 2.3.1 and the FWPH method presented in Section 2.3.2.
Algorithm 4 was implemented using parallel computing, meaning that the scenario-sub-problems
(8) are solved in parallel in both solution methods (proximal BM and FWPH). For each instance,
the number of processes utilised for parallel computing was equal to 30. The computational effi-
ciency of Algorithm 4 was compared with Gurobi’s (Gurobi Optimization, 2020) BnB algorithm
with standard parameterisation.

We tested Algorithm 4 on 5 sets of randomly generated non-convex problem instances. Each set
contained problems (4) with 50, 100 and 150 scenarios represented in two scales (small and large)
as described in Table 1. More detailed information on the range of the coefficients for problems (4)
is presented in Appendix A (see Table A1). Additionally, we assumed two different values of the
precision factor p ∈ {−2, −1}. Hence, we considered 60 instances in total. It is important to note
that smaller values of p were not explored, as the aforementioned values were found to be adequate
for providing sufficient tolerance in terms of the RNMDT approximation. Furthermore, extensive
numerical evidence demonstrating how good the RNMDT approximation is for different values of
p has already been extensively discussed in Andrade et al. (2019, 2022).

For the sake of simplicity, for each instance, all the first-stage variables were assumed to be inte-
ger, and all the second-stage variables were assumed to be continuous. To make test instances sim-
ilar to those available in the library of test problems for stochastic integer programming (Ahmed
et al., 2015) (which are not MIQCQPs) in terms of the number of non-zero coefficients in the con-
straints and objective function, we assumed the quadratic matrices Qs and U s

m ∀s ∈ S, ∀m ∈ M to
be randomly generated with 1% density, which is of the same order of the density (i.e., proportion
of non-zero elements in the problems’ constraint matrices) of the test problems considered.
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N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30 19

Table 2
Algorithm parameters

Proximal Bundle method

umin 10−3

mR 0.7
mL 0.3
imax 3
imin −3
Cu

min 0.1
Cu

avg 0.5
Cu

max 10
Cv 10
εBM 10−3

Frank–Wolfe progressive hedging

ρ 2
α 1
εFW PH 10−3

εSDM Not used

Therefore, problems (4) with 50, 100 and 150 scenarios would have in total 5100, 10,100 and
15,100 variables, respectively, in the case of small (S) instances and 10,200, 20,200 and 30,200 vari-
ables, respectively, in the case of large (L) instances.

Table 2 presents the parameter values used in the experiments for the proximal BM (Algorithm 1)
and the FWPH (Algorithm 2). In addition to the parameters stated in Table 2, the maximum num-
ber of iterations for the proximal BM (kmax) was set to 1000. The maximum numbers of iterations
for the FWPH algorithm (kmax) and SDM (tmax) were set to 1000 and 1, respectively. We consid-
ered tmax = 1 as Boland et al. (2019) suggest that considering higher values of the tmax parameter
commonly increases the computational burden while not guaranteeing an adequate increase in the
quality of the approximation of conv(Gs) compared to the case when tmax = 1. It is also worth
mentioning that since tmax = 1 for the SDM, the εSDM can be set to any arbitrary value as the con-
dition �t ≤ εSDM is not going to be checked for the algorithm termination. Following Boland et al.
(2018, Proposition 3.3), since we assume tmax = 1, to guarantee the convergence of Algorithm 2
one should generate initial sets {(V s

0 )s inS} such that
⋂

s∈S Projx(conv(V s
0 )) �= ∅. Therefore, to ini-

tialise (V s
0 )s∈S, we took one arbitrary scenario (in our case the first scenario in S, that is, s = 1) and

set V 1
0 = {(x1

0, y1
0, w1

0)}. Further, for each s ∈ S, s �= 1, we initialised V s
0 = {(xs

0, ys
0, ws

0), (x1
0, ys, ws)},

where (xs
0, ys

0, ws
0) solves Ls(μs

0) and (ys, ws)) solves,

min
y,w

⎧⎨
⎩qs�y +

∑
(i, j)∈BQ

Qs
i, jwi, j : (x1

0, y, w) ∈ Gs

⎫⎬
⎭, for each s ∈ S.

Starting dual multipliers values μ0 for Algorithms 1 and 2 were set μ0 = 0. To set the first-
stage variables (xs

0)s∈S for Algorithm 2, we considered the solution of the p-Lagrangian dual func-
tion (6) for a fixed value of the dual variable μ = μ0. The tolerances εBB and εNAC for the p-BnB
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20 N. Belyak and F. Oliveira / Intl. Trans. in Op. Res. 0 (2025) 1–30

Table 3
Numerical results for the instances with low-density quadratic matrices

Instance parameters Solution time (s)

Size |S| p Full scale p-BnB (FWPH) p-BnB (BM)

S 50 −1 83.88 22.61 15.68
50 −2 131.22 119.18 10.18
100 −1 185.56 172.05 41.01
100 −2 358.34 208.40 55.36
150 −1 316.23 226.49 50.28
150 −2 535.56 381.71 92.61

L 50 −1 687.88 630.49 119.81
50 −2 866.44 420.63 122.50
100 −1 1505.92 1637.15 367.48
100 −2 2490.45 1708.13 284.36
150 −1 2463.96 1372.53 523.98
150 −2 3412.82 1031.00 369.48

(Algorithm 4) were set to 10−6. As a time limit for solving each distinct instance, we considered one
hour. In case multiple integer indices i1, . . . , iInt are available for branching on the variable xN,i in
p-BnB, we simply choose the first index i1.

4.2. Numerical results

Table 3 presents averaged results of solving the small (S) and large (L) scale instances with the
parameters as defined in Table 1 and Q and U matrices non-zero densities being set to 1%. We
compared the time required to solve the instances with the proposed p-BnB method against solving
them directly with the Gurobi solver (full scale). The columns ‘p-BnB (FWPH)’ and ‘p-BnB (BM)’
report the solution for the p-BnB method when employing FWPH and the proximal BM as a solu-
tion method for node sub-problems, respectively. Each cell in the ‘Solution time’ section represents
the average solution time value for five instances generated using five different random seeds. It is
worth mentioning that when calculating the average value for the column ‘Full-scale’ we have only
considered the instances for which the Gurobi solver could generate a solution within one hour.

As the numerical results in Table 3 suggest, for small-scale instances, the proposed p-BnB method
outperformed commercial solver Gurobi in terms of the solution time regardless of the method
employed to solve the dual sub-problems. This conclusion also applies to the large-scale instances,
except for the instance with 100 scenarios and precision factor p = −1. On average, applying p-
BnB with FWPH allowed for saving up 31.41% and 32.76% of solution time for small- and large-
scale instances, respectively, compared to solving the full-scale instances with Gurobi. The best
improvement for the small-scale instances has been achieved for the instance with 50 scenarios
and RNMDT precision factor p = −1, demonstrating a decrease in computational time by 73.05%
compared to solving the instance directly with Gurobi. For the large-scale instances, the largest
reduction in solution time was observed for the instance with 150 scenarios and RNMDT preci-
sion factor p = −2, allowing for reducing the solution time required by Gurobi by 69.79%. How-
ever, using p-BnB with the proximal BM instead has demonstrated even further improvements in
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Table 4
Dimensions of instances with high-density Q matrices

Instance # of scenarios # of 1st-stage variables # of 2nd-stage variables # of constraints

1 15 30 25 25
2 20 30 30 20
3 20 40 15 15
4 30 30 20 15
5 40 20 10 15

computational solution time. Compared to solving the full-scale instances with Gurobi, p-BnB with
the proximal BM demonstrated, on average, a decrease of 83.80% and 83.42% in solution time for
the small- and large-scale instances, respectively. Moreover, the results suggest that the solution time
improvement reached up to 92.24% for the small-scale instances, as in the case of the instances with
50 scenarios and an RNMDT precision factor of p = −2. For the large-scale instances, the maxi-
mum improvement in solution time was achieved for the instance with 150 scenarios and RNMDT
precision factor being p = −2, allowing a reduction of 89.17% in the time required to solve that
instance by Gurobi. However, it is important to highlight that in the case of utilising FWPH in the
context of p-BnB we have observed a considerable portion of computational time spent by FWPH
on generating the sets {(V s

0 )s inS} at the beginning of Algorithm 2, particularly for the instances with
a high number of scenarios. Hence, addressing this issue could potentially lead to an improvement
in its computational time performance and possibly to approaching the efficiency of proximal BM.

Nevertheless, in all 60 instances, the p-BnB explored only one (root) node to identify the optimal
solution. This effectively means that all of these instances were such that there was no duality gap
when solving the p-Lagrangian duals and that bounds obtained by both methods were tight enough
to find the optimal solution at the root node. This effect was also observed in Boland et al. (2018)
where the authors reported convergence of the FWPH method to the optimal solution for most of
the stochastic mixed-integer problem instances. Additionally, the usage of p-Lagrangian relaxation
exploits the block-angular structure of the primal RDEM problem allowing one to obtain tighter
bounds at the root if compared to linear programming (LP) relaxation. Such phenomena have been
reported in Carøe and Schultz (1999) where the authors would obtain at a root node a duality gap
of only 0.2–0.3% in case Lagrangian relaxation is explored while the LP relaxation, however, would
provide a duality gap of 2.0–2.1%.

To demonstrate the convergence of the method in cases when the solution for the root node
violates integrality or non-anticipativity conditions, we conducted another batch of experiments for
somewhat less realistic instances in which the matrices Q and U densities are 90%. The increased
densities of the matrices Q and U indicate a prevalence of non-zero coefficients of the bi-linear terms
in the primal RDEM (problem (4)). This, in turn, implies that associated RNMDT relaxations
(problem (5)) would have a significant number of auxiliary binary variables, thereby potentially in-
creasing the likelihood of the existence of the duality gap when solving corresponding p-Lagrangian
dual problems. However, to ensure convergence of p-BnB within one hour, we tested p-BnB on
five instances (see Table 4) with RNMDT precision factor p = −1 only and remaining parameters
as before. Table 5 demonstrates the results of solving instances 1–5 with the proposed p-BnB
method employing the FWPH (p-BnB (FWPH)) and proximal BM (p-BnB (BM)) as a subroutine.
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Table 5
Numerical results for the instances with high-density Q and U matrices

Instance
p-BnB (FWPH) p-BnB (BM)

sol. time (s) # nodes # iter. sol. time (s) # nodes # iter.

1 459.90 5 68 114.42 1 30
2 410.63 3 21 170.53 1 26
3 520.47 5 145 925.73 3 312
4 374.79 3 56 1439.22 5 268
5 427.94 9 191 3001.86 11 1525

The column ‘sol. time’ reports the time required by Algorithm 4 to converge to an optimal solution
with a 0.00% gap, calculated as the relative difference between the upper bound (UB) and lower
bound (LB) for the objective function generated by the corresponding method. The difference was
calculated as 100% UB−LB

LB . It is worth highlighting that solving full-scale instances with Gurobi
resulted in convergence within one hour only for Instance 1, taking in a total of 2064.55 seconds.

Interestingly, for the setting where the matrices are denser, FWPH outperforms BM as the La-
grangian dual solver in Instances 4 and 5, which is a consequence of FWPH leading the algorithm
to explore fewer nodes than BM. In either case, the number of nodes explored is small. As can be
seen in Table 5, the maximum number of nodes explored by p-BnB was only 11, for Instance 5 using
the proximal BM, while the average number of nodes explored was five. This is because despite the
very high density of the quadratic matrices (90%) in the instances, at the very first node, p-BnB was
able to generate a solution with a tight dual bound, on average being 0.01%. In comparison, the
average dual bound generated within one hour by solving Instances 1–5 with Gurobi was 4.98%.
Further details on each individual instance are provided in Appendix B (see Table B1).

5. Conclusions

In this paper, we propose a novel method for solving two-stage stochastic programming problems
whose deterministic equivalents are represented by non-convex MIQCQP models. Additionally,
we assess the efficiency of this method by considering two alternative algorithms for solving
dual sub-problems. The proposed method is named p-BnB and combines a BnB-based algorithm
inspired by Carøe and Schultz (1999) with the p-Lagrangian decomposition proposed in Andrade
et al. (2022). The p-Lagrangian decomposition method relies on the composition of the mixed-
integer-based relaxation of the non-convex MIQCQP problem using the RNMDT (Andrade
et al., 2019) and classic Lagrangian relaxation. The construction of a mixed-integer-based relax-
ation for the primal non-convex MIQCQP problem is essential to ensure the validity of the dual
bound associated with the primal problem. The p-Lagrangian decomposition has been demon-
strated to outperform the commercial solver Gurobi in terms of computational time required to
generate the dual bounds for a primal non-convex MIQCQP problem, whose precision can be
controlled by choice of parameters in RNMDT relaxation. However, p-Lagrangian decomposition
could not tackle the duality gap arising from the mixed-integer nature of the primal non-convex
MIQCQP problems. In contrast, the proposed p-BnB mitigates this issue by ensuring the integrality
conditions of the optimal solution via a classic BnB approach. Additionally, following Carøe and
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Schultz (1999), the BnB procedure takes place whenever the first-stage variable candidates violate
the non-anticipativity constraints. We also evaluated the efficiency of p-BnB by considering two
alternative solution methods for dual sub-problems in contrast to employing the classic bundle
method as in the p-Lagrangian decomposition (Andrade et al., 2022). We utilised FWPH (Boland
et al., 2018) and proximal BM (Kim and Dandurand, 2022) to solve the node sub-problems. The
FWPH method is the enhancement of classic progressive hedging (Rockafellar and Wets, 1991)
that guarantees convergence even for mixed-integer problems. The proximal BM is an enhancement
of a classic BM (Lemaréchal, 1974; Zhao and Luh, 2002) involving a new approach for updating
the weights of proximal terms that can significantly reduce the number of iterations in the BM
necessary to reach the desired convergence tolerance (Kiwiel, 1990). It is important to highlight
that the p-BnB method ensures convergence to the solution of the non-convex MIQCQP problem
given a predefined tolerance, as opposed to absolute convergence. Nonetheless, the former is
generally sufficient for the majority of practical applications.

The p-BnB efficiency has been tested on a set of RNMDT relaxations of randomly generated
non-convex MIQCQP instances. Numerical experiments demonstrated the superior performance of
the proposed p-BnB method over attempts to solve full-scale RNMDT problems with the commer-
cial solver Gurobi. Depending on the method utilised to solve dual sub-problems, the use of p-BnB
allowed for saving on average about 32% of the time required by Gurobi to solve RNMDT prob-
lem in case p-BnB used FWPH as a subroutine or about 84% of the time if proximal BM has been
used. These results lead us to conclude that, although FWPH does potentially provide better dual
bounds, it pays the price for being a more computationally demanding solution method. This trade-
off flips when we consider artificially denser instances, in which, we can see that the FWPH method
leads to fewer nodes explored in instances 4 and 5, and thus potential computational savings.

It is worth highlighting that the p-BnB method implementation involves software
engineering decisions that can greatly influence its performance. Nevertheless, our implemen-
tation still serves as a reliable proof of concept. Additionally, the p-BnB method as proposed only
considers rudimentary heuristics to generate feasible solutions for the primal RNMDT relaxation
and the implementation of more sophisticated heuristics would likely improve the performance of
p-BnB, in a similar fashion as they are beneficial in mixed-integer programming solvers. Hence,
one could further enhance p-BnB computational efficiency. In particular, one potential path for im-
provement involves enhancing the branching strategies considered (Chen, 2003; Cornuéjols et al.,
2011). Another possible direction could be an improvement of the FWPH method implementation.
Additionally, an improvement of the procedure for generating the sets {(V s

0 )s inS} at the beginning
of Algorithm 2 could bring new insight into p-BnB performance and convergence rate when using
FWPH as a subroutine.
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Appendix A

Table A1
Range of the parameters’ values for RDEM problem. The values utilised are uniformly sampled from these ranges.

Parameter Range

Q [−100, 100]
c [0, 100]
q [−100, 100]
U [0, 1000]
T [0, 100]
W [−100, 100]
h [1000, 100000]
X [0, 10]
Y [0, 10]
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Appendix B

Table B1
Average dual bound generated within one hour by solving the Instances 1-5 with Gurobi solver

Instance Dual bound (%)

1 0.00
2 4.71
3 6.52
4 8.54
5 5.11

Appendix C

This section presents an illustrative example showcasing the application of Algorithm 4. Con-
sider Problem (4) with two scenarios S = {s1, s2}, two first-stage variables x1 and x2, one second-
stage variable y and one constraint defined per scenario. Then, Problem (4) can be formulated as
follows:

zSMIP = min.
x1

1,x
2
1,x

1
2,x

2
2,y

1,y2
− 16.8y1y1 − 9.8y1 (C1)

− 4.5y2y2 − 7.9y2 (C2)

− 53.2x1
1 − 23.2x1

2 − 9.0x2
1 − 3.9x2

2 (C3)

s.t.:

78.1x1
1 + 67.0x1

2 + 16.8y1 ≤ 57108.7 (C4)

77.0y2y2 + 45.3x2
1 + 30.2x2

2 + 0.1y2 ≤ 56702.4 (C5)

x1
1 − x̂1 = 0 (C6)

Table C1
Result of applying Algorithm 1 and Algorithm 2 to Problem (C17)

Number of iterations 1
Objective function value zLB = −2299.62
First-stage variables’ values x1

1 = 5.0, x1
2 = 7.0, x2

1 = 5.0, x2
2 = 7.0

Second-stage variables’ values y1 = 9.0, y2 = 8.0
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x2
1 − x̂1 = 0 (C7)

x1
2 − x̂2 = 0 (C8)

x2
2 − x̂2 = 0 (C9)

0.0 ≤ x1
1, x2

1 ≤ 5.0 (C10)

0.0 ≤ x1
2, x2

2 ≤ 7.0 (C11)

0.0 ≤ y1 ≤ 9.0 (C12)

0.0 ≤ y2 ≤ 8.0 (C13)

x1
1, x2

1, x1
2, x2

2 ∈ Z (C14)

where (C6)–(C9) are non-anticipativity conditions.
Applying p-Lagrangian relaxation, we get Problem (6) with two sub-problems (C15) and (C16)

L1(μ1) = min.
ω1

1
π1

(−16.8w1 − 53.3x1
1 − 23.2x1

2 − 9.8y1 + μ1
1(x1

1 − x̂1) + μ1
2(x1

2 − x̂2)
)

s.t.

y1 − 9�y1 − 4.5z1
−1 = 0

−4.5ŷ1
−1 + w1 − 9�w1 = 0

78.1x1
1 + 67.0x1

2 + 16.8y1 ≤ 57108.7

0.5y1 + 9�y1 − �w1 ≤ 4.5

−0.5y1 + �w1 ≤ 0

−�w1 ≤ 0

−9�y1 + �w1 ≤ 0

−ŷ1
−1 ≤ 0

ŷ1
−1 − 9z1

−1 ≤ 0

−y1 + ŷ1
−1 ≤ 0

y1 − ŷ1
−1 + 9z1

−1 ≤ 9.0

0.0 ≤ x1
1 ≤ 5.0
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0.0 ≤ x1
2 ≤ 7.0

0.0 ≤ y1 ≤ 9.0

0.0 ≤ �y1 ≤ 0.5

x1
1, x1

2 ∈ Z

z1
−1 ∈ {0, 1} (C15)

L2(μ2) = min.
ω2

1
π2

(−4.5w2 − 9.0x2
1 − 3.9x2

2 − 7.9y2 + μ2
1(x2

1 − x̂1) + μ2
1(x2

2 − x̂2)
)

s.t.

y2 − 8�y2 − 4z2
−1 = 0

−4ŷ2
−1 + w2 − 8�w2 = 0

45.3x2
1 + 30.2x2

2 + 0.1y2 + 77w2 ≤ 56702.4

0.5y2 + 8�y2 − �w2 ≤ 4.0

−0.5y2 + �w2 ≤ 0

−�w2 ≤ 0

−8�y2 + �w2 ≤ 0

−ŷ2
−1 ≤ 0

ŷ2
−1 − 8z2

−1 ≤ 0

−y2 + ŷ2
−1 ≤ 0

y2 − ŷ2
−1 + 8z2

−1 ≤ 8.0

0.0 ≤ x2
1 ≤ 5.0

0.0 ≤ x2
2 ≤ 7.0

0.0 ≤ y2 ≤ 8.0

0.0 ≤ �y2 ≤ 0.5

x2
1, x2

2 ∈ Z

z2
−1 ∈ {0, 1}. (C16)

The terms π1 and π2 correspond to the probabilities of Problems (C15) and (C16), respectively,
and

ω1 = {x1
1, x1

2, x̂1, x̂2, y1, �y1, �w1, w1, ŷ1
−1, z1

−1},
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and

ω2 = {x2
1, x2

2, x̂1, x̂2, y2, �y2, �w2, w2, ŷ2
−1, z2

−1}.
Then the first root node of Algorithm 4 will be

zLD = max.
μ1,μ2

{
π1L1(μ1) + π2L2(μ2) : π1μ1 + π2μ2 = 0

}
. (C17)

Applying Algorithm 1 to solve Problem (C17) yields the solution in just one iteration due to the
simple structure and small scale of the problem. A similar result occurs when applying Algorithm 2,
which also converges to the solution zLB in one iteration. The solution is presented in Table C1.

The average solution is given by x̂ = π1x1 + π2x2, resulting in {5, 7}. Due to the simplicity of
the problem, both (1) and Algorithm 2 managed to yield a solution at the root node that satisfies
both the non-anticipativity and integrality conditions (x1

1 = x2
1 = 5.0 and x1

2 = x2
2 = 7.0). However,

in the general case, there is no guarantee that this will occur. Therefore, for the sake of illustration,
let us assume that the solution to Problem (C17) violates one of the conditions, considering π1 =
π2 = 0.5.

First, let us assume that x1
1 = 4, x2

1 = 5, and x1
2 = x2

2 = 7. In this case, the average solution is x̂ =
{4.5, 7}. We can observe that the first component takes the value 4.5, which is not integer-valued.
In this situation, following Algorithm 4, we would perform branching based on the violation of
the integrality condition. Specifically, we would generate two child nodes N1 and N2, such that N1

contains Problem (C17) with the additional constraints {x1
1, x2

1 ≤ 4}, while N2 contains Problem
(C17) with the constraints {x1

1, x2
1 ≥ 5}.

Alternatively, let us assume that x1
1 = 4, x2

1 = 6, and x1
2 = x2

2 = 7. In this case, the average so-
lution is x̂ = {5, 7}. We can see that the solution x̂ satisfies the integrality condition but does
not satisfy the non-anticipativity condition for the first component. Specifically, the dispersion is
σ1 = x2

1 − x1
1 = 2. In this case, following Algorithm 4, we would perform branching based on the

violation of the non-anticipativity condition. We would create two child nodes N1 and N2, where
the subproblem for N1 corresponds to Problem (C17) with the constraints {x1

1, x2
1 ≤ 5 − εBB}, and

N2 would correspond to Problem (C17) with the constraints {x1
1, x2

1 ≥ 5 + εBB}.

© 2025 The Author(s).
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