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Työn saa tallentaa ja julkistaa Aalto-yliopiston avoimilla verkkosivuilla. Muilta osin kaikki oikeudet pidätetään.



Table of contents

• Neural network, ReLU

• 0-1 MILP for neural networks

• P-split formulation

• Objective

• Tools 

• Schedule

• References and literature



Background – Neural network structure
(ReLU)

• The hidden layers use only ReLU activation functions

• Output layer uses the identity activation

• ReLU function can be modelled using indicator
constraints (or big-M constraints)
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Background – 0-1 MILP formulation

• Not suitable for training, it is useful for finding optimal
input examples for a given trained neural network

Matteo Fischetti, Jason Jo, (2018). 
Deep neural networks and mixed
integer linear optimization



Backgroud – P-split formulation

• ReLU activation function can also be represented as a 
disjunction: 

• We partition the variables into P sets and split the
constraints in the disjuction into P parts

• Next, we treat the splitted constraints as global
constraints and take the convex hull of the disjunction,
thus obtaining the P-split formulation



Background – P-split formulation

Jan Kronqvist, Ruth Misener, Calvin Tsay, (2022). P-split formulations: A class of intermediate
formulations between big-M and convex hull for disjunctive constraints

The general form of the disjunction

P-split



Background – P-split formulation

• P-split is a formulation between convex hull and big-M: 
computationally light with a tight relaxation

• Assumptions:
– 1. 

 are convex additively separable functions, i.e. 
  


ୀଵ where  are convex

– 2. All functions  are bounded over

– 3. 

• Properties: 
– The 1-split formulation is equal to the big-M formulation

– A P+1-split formulation is always as tight or tighter than the
corresponding P-split formulation.



Objective

• Formulate a model which represents a trained ReLU
neural network as a P-split formulation in Julia

• Computational experiments: comparing the ”classic” and 
P-split formulation
 Should we use the P-split formulation?



Tools

• Programming language: Julia
 Neural networks: Flux.jl

 0-1 MILP formulation: Gogeta.jl

• Solver: Gurobi

• Data: Conrete Compressive Strength and possibly other
datasets



Schedule

• Introduction to the topic and Julia 01-02/2024

• Building the first NN and converting it to MIP using
Gogeta.jl 02-03/2024

• Topic presentation 20.03.2024

• Formulating the code for P-split formulation 03-04/2024

• Writing the thesis 04-06/2024

• Thesis ready by 06/2024



References and literature

• Matteo Fischetti, Jason Jo, (2018). Deep neural
networks and mixed integer linear optimization

• Jan Kronqvist, Ruth Misener, Calvin Tsay, (2022). P-
split formulations: A class of intermediate formulations
between big-M and convex hull for disjunctive
constraints

• Gogeta.jl: https://gamma-opt.github.io/Gogeta.jl/dev/


