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Spatial Decision Analysis

ÅConsequences of alternatives are distributed across a 

geographical region

ÅE.g., select the position of a rescue helicopter base, ὖ or ὖ

ÅAlternatives imply different response times, i.e., consequences, 

for each location

ÅLocations not equally important? (cf. population density)

ÅPlenty of other applications

ÅUrban, environmental and transportation planning

ÅWaste management, hydrology, agriculture, and forestry

ÅSee, e.g., Malczewski & Rinner 2015, Ferretti & Montibeller 2016
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Spatial Value Function

ÅValue of decision alternativeᾀ(Simon, Kirkwood and Keller 2014):

ὠᾀ
ᶰ

ὥίὺᾀί Ὠί

ὥί: spatial weight (ñimportanceò) of specific location ίin region S

ᾀί: consequence for location ίwhen alternative ᾀis chosen

ὺẗ: consequence value function

ÅChallenges:

ÅSpecifying spatial weights ὥ(ί) for an infinite number of locations ί

ÅOnly a conjecture on the underlying preference assumptions exists 



ÅOur contribution:

ÅAxiomatic basis for preferences that can be represented with the spatial value 

function

ÅSpatial preference programming: Determination of dominances among alternatives 

based on incomplete specification of weights
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Preference Assumptions
ÅLet ṍbe a binary relation on the set of 

decision alternatives ὤ ᾀȡὛO ὅ
ÅὛ: set of locations

Åὅ: set of consequences

ÅAssumptions

A1 ṍis transitive and complete

A2 There exist ᾀȟᾀᶰὤsuch that ᾀẶᾀ

A3 ñSpatial preference independenceò 

A4 ñConsequence consistencyò

A5 ñSpatial consistencyò

A6 ñDivisibility of subregionsò

A7 ñMonotonicityò
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A3: Preference between two alternatives does 

not depend on locations with equal consequence



Additive Spatial Value Function ╥◑

ÅTheorem. ṍsatisfies A1-A7 iff there exists a non-atomic measure ‌onὛand 

a bounded function ὺȡὅᴼᴙsuch thatᾀṍᾀᵾ ὠᾀ ὠᾀ where

ὠᾀ ὺᾀί Ὠ‌ί

ÅProof based on Savage 1954

ÅThe weighting function ‌ȡς ᴼᴙ

ÅAssigns a weight to each subregionὛṖὛ(cf. relative importance)

ÅConnection to Simonôs et al. weighting ὥί: ‌Ὓ ᷿ὥίὨί

Åὺis a cardinal value function for consequences ὧ ᾀί

ÅI.e., unique up to positive affine scaling

ÅE.g., additive multiattribute ὺᾀ В ὦὺ ᾀ



Incomplete Preference Information
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òSubregionὛ more

important than Ὓò

ᾀ
ÅSmall set of feasible weighting functions can be 

sufficient for ranking alternatives

ÅAvoiding the overwhelming task of specifying the 

exact weighting function ‌

ÅStated preferences between pairs of alternatives 

­ Constraints on the spatial weighting function ‌
and the vectorὦof attribute weights

ÅMultiple preference statements comparing 

suitable alternatives ­ System of linear 

constraints on

Å‌Ὓ ȟȣȟ‌Ὓ where ὛȟȣȟὛ is a partition of Ὓ
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Dominance

ÅConstraints from preference statements result in

ÅA set of feasible weighting functions ꜝṖ ‌ȡς ᴼᴙ ‌Ὓ ρ

ÅA set of feasible attribute weights ὄṖ ὦɴ ᴙ Вὦ ρ

ÅAlternative ᾀ dominates alternative ᾀ if

Åὠᾀ ὠᾀ for all ‌ᶰꜝ and ὦɴ ὄ

Åὠᾀ ὠᾀ for some ‌ᶰꜝ and ὦɴ ὄ

ÅDominance check: bi-level LP problem
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where ὛȟȣȟὛ is a partition of Ὓ

ÅSolution: Enumerate extreme points of ὄand solve LP problem in each one
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Air Defense Planning:
Positioning of Air Bases

ÅSelect positions for 2 main and 3 secondary 

air bases to maximize air defense capability

ÅMain bases: 3 position candidates

ÅSecondary bases: 5 position candidates

ÅSpatial consequences provided by a 

simulation tool ïinput parameters:

ÅNumber of defensive flying units; fuel 

consumption; weapons consumption; flight 

speed

ÅPositions of air bases; turnaround times; 

refueling and rearming times; alert, taxi and 

scramble delays
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Attributes of Air Defense Capability

Positions of air bases affecté

ÅñEngagement frontierò where hostile aircraft 

can first be intercepted by defensive flying 

units

ÅAttribute #1: Locationôs distance to south frontier

ÅAttribute #2: Locationôs distance to west frontier

ÅñForce fulfillmentò

ÅAttribute #3: Average number of defensive flying 

units available at the location

ÅAttribute #4: As attribute #3 with one secondary 

base destroyed (cf. combat sustainability)

Attribute #1 Attribute #2

Attribute #3 Attribute #4

Alternative with bases at the 

highlighted positions
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Consequences ὅ



ÅSpatial preference statements (‌)

ÅMajor cities > SW coastal area

ÅPower plants > SW coastal area

ÅSW coastal area > NE coastal area

ÅNE coastal area > Other areas

ÅAttribute preference statements (ὦ)

ÅEngagement frontier attributes >

Force fulfillment attributes

Preference Statements
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13 non-dominated alternatives

ÅSpatial preference statements (‌)
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Force fulfillment attributes
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4 non-dominated alternatives

Additional Preference Statements

ÅSpatial preference statements (‌)

ÅPower plants > Major cities

ÅPower plant #1 > Power plant #2

ÅCity #1 > City #2 > City #3

Å...

ÅAttribute preference statements (ὦ)

ÅWest engagement frontier > 

South engagement frontier

ÅForce sustainability > Initial force fulfillment
B

C

A

2

3
5 4

1

1

2

1
2

3

Major city 

Power plant

Main base 

Secondary base



Conclusion: Spatial Decision Analysis 
Benefits from Preference Programming

ÅThe additive spatial value function

ÅAxiomatic basis

ÅWeighting subregions rather than locations

ÅPreference programming for spatial decision analysis

ÅIncomplete preference information & non-dominated decision alternatives

ÅBurden of DM eased considerably by not requiring unique spatial weighting

ÅGlobal sensitivity analysis: Effect of spatial weighting on ranking of alternatives

ÅFuture development

ÅPractices and behavioral issues of eliciting the weighting function

ÅSpatial decision support systems: Graphical user interface, utilization of GIS data
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